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Plan of talk

Chap. I (Allegro ma nomwn Erappo): Review of classical LAN
Chap 11 (Moderato assal): Quantum Likelihood ratio
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Ckap I: Classical LAN



Local Asvm[a&:-&c Nwrmatiﬁv

A sequehce of models {P,V) : 0 € ©®@CR?

is called LAN ok 6, c© if
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with J being the Fisher information matrix
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Similarity to Gaussian Sh Lt
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Comﬁguiﬁj

A sequence Q™ of probability measures is called
contiquous to ancther sequence P™ of Probabd&y
measures, denoted Q™ < P,
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Weak convergence analogue of the Radon-Nikodym
dQ
dP

theorem: e —— dl) =
Q Q 7D

dQ ™)
> dP (™)

If Q™ < P™ and (X i ) 27(X,V), then

x (n) S L (L(B) := E[1(X)V])



Cam's Ehird Lemama

(Graussian version)
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Third lewamwa under LAN
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Hi;s&wrj of quav\%u,m LAN

- Gruta and Kahn's strong g-LAN (2006, 2009)

lim sup ||op — I )(p90+h/\/ﬁ) :
T —> OO hEK(n)

and ' ;
lim sup [[A"™)(oh) — Pooth) ol
" —> OO0 hEK("’)

- Gruta and Jencova's weak g-LAN (2007)




D E,,nfnf eulbies i extend g
LAN to qua nbum dc;' ain

dP('"’)
LAN: ;.i 90"'};/ V) |— 1 A(n)
dPéo )

What are the guantum cauv\&erparﬁs of
(1) Radon-Niko dym density?
2)) contiq uiby and third lemama?

3) weak convergence?



Ch& F«. 11: Qu& M& LAV
rakio



Sinqularike
absolube conki

supp p L supp o

bsolutely continuous to o, dencted

p Lo, if there is a positive operator
R (> 0) that satisfies p= RoR



For pure skakes p = |€)(¢] and o = |n)(n]

1) suppp Csuppo <= p=o0

2 p<o = (En) #£O0



Quanbum Lebes que
Aecom pOSs kLo

Given quantum states p, o € 8(3),
Ehe d@.ﬂomposiﬁom

o= RpR+ T (R >0, 7 =007 <l p)
T

o aC G'-L

umiquﬂv exisks,



Quanktum Likelihood ratio

A positive operator R that sakisfies
o= RpR+ T (R >0, 7248, T 1 p)

is called a square-root Likelihood ratio,

and s denoked as
R(o|p)



Chap. I1I: Quantum contiguity



Classical ﬂom&gm%j

Recall that Q™ <« P™ 4
p(n)(A(n)) G o \ Q(n)(A(n)) 50

This is @.qu,i;vatem% to savivxg Ehak

do(m)
L) lim Epm) [ < ] it |
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is uniformly integrable under P



Quantum contiguity

o™ q p™ if

L) lim Trp(”)ﬂl(a(”)\p(”))z =

L —> OO

i) (R™)? is uniformly integrable under p™
where R™ := R(e™[p™) + 0™ >0 with
O™ = o0r2(p™) being an L-infinikesimal term

We also denote as o™ <a5m) p™



ro riies

1) Suppose p™, o™ €8(3) have Limiting states
lim p™ = p(>=)  amnd  lim o™ = o)

N —> OO0 L —> OO

Thewn o™ o™ «— () « pl=°)

2) Suppose pi, oi € 8(3G) satishy oi < pi. Lek
pl e ®Pi and o™ = ®0'i
=1 77—
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O M,E UYWL W& ke conver 3 e

p(™) : state, x™ = (X{“),...,Xfi”)> obs. on (™)

¢ . $&&&Q‘) e (Xioo)w-'vX((fO)) Qbﬁq (@]%\ Z}C(oo)

We say (x™), p™) .. (X(oo)’¢) o
- ) [ TT vttt | _ 5 [ TP oveten=
) T

When (X(""),C/b) ~ N(h,J), we denocte X i N (h, J)



Quantum Graussian stake

A state ¢ on a CCR(S) wikth
e\/—lg’ixie\/—lnjxj f i 61 /_1£znjszge /_1(€_|_,n)zXz

s called a quav\%um Craussitan state E‘:f
B(oVTTEReY = VTR BEEV,

where
J =V +v/—-15 >0

We denocte itk as ¢ ~ N(h,J)



A variant: “Sandwiched”
weald conver qe

1f {

lim Tr p(n)ex/—le(”)

n—00

T

=1

we denote
<<Y(n),X(n),Y(n)> ,p(m) e (<Y(°°),X(OO),Y(OO)> ,¢)

or

<Y("),X("),Y(”)> o <Y(°°),X(°°),Y(°°)>

p(’n) ¢



Quantum Le Cam third lemima

I”f ™ Gomrpt), QWERERY) SR (o™ | o\ @_ijjS

<R<n> +0m x(™ R 4 0<n>> e <R<oo>,X(oo>,R<oo>>
fo, (g

Then
(X<n>, a(n)) b (X(oo>, ¢>

where
W(A) = ¢ (R<°°>AR<°°>)




Quantum Le Cam third Llemama

(9-Gaussian version)
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Then (o™ o0 p™ and )
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x™ 2.7 N(u+ Re(k),X)



: Quantum LAN




Quantum LAN

s = fpi™ : 9 € ® Cc RY} is called q-LAN at 0, € ® Eff

RO = R Lol pé’;”)) is expanded in h as

ih*h9) I™ +op(h*AT™, pg,)
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Third lemwama under 9- WY

Suppose $ = {p,”) : 6 € ® CR?} s q-LAN ot 6 € © and

X (n) fg) N 0 S, -
A (™) OF \75" &

Thewn { g vm<9P0 and )

(n)
p90-l-h/\/_

X (n) N((ReT)h,X)




Embedding o8" into
Graussiai shift models

q-LAN # 3rd lemma

x (n) y (n)
D)

N((Rerx)h, Ex) N((Rety)h, Zy)
N((RGTD)h, ZD)

Choose D™ suitably so that the Holevo
bound of the resulting g-Gaussian is
identical to that of po

i T,
5. )



For any quantum statistical wodel that fuldills
some mild regularity conditions, the Holevo bound

is asymptotically achievable for all h.



Sum MATY

= qu&h%um Lebesque d@.@:@mpms&mm
o gquantum contiquity and quantum Le Cam third lemma

o applications of quantum local asymptotic normality

5 a&k&e\mbdi&j of Holevo bound



Question

o Is there a sequence of estimators that breaks the

Holevo bound? (Issues of superefficiency)
o B@jov\d L d.?

o These guestions are resolved in Part 11 bv establishing

an "‘&svm[p&o&t quantum représe&\%a&av\ theorem”



“Thank you for your attention”

- Akio Fuliwara




