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Quantum theory describes multipartite objects of various types: quantum states, nonlocal boxes, steering
assemblages, teleportages, distributed measurements, channels, and so on. Such objects describe, for
example, the resources shared in quantum networks. Not all such objects are useful, however. In the context
of spacelike separated parties, devices which can be simulated using local operations and shared
randomness are useless, and it is of paramount importance to be able to practically distinguish useful
from useless quantum resources. Accordingly, a body of literature has arisen to provide tools for witnessing
and quantifying the nonclassicality of objects of each specific type. In the present Letter, we provide a
framework which subsumes and generalizes all of these resources, as well as the tools for witnessing and
quantifying their nonclassicality.
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Spacelike separated resources of various types are
studied in quantum information. In the bipartite setting,
at least ten types of objects have been considered as
resources in computation or communication tasks: density
matrices [1], shared randomness [2], nonlocal boxes [3],
steering assemblages [4], teleportages [5,6], distributed
POVMs (or “semiquantum” channels) [7], device-
independent steering channels [8], channel assemblages
[9], Bob-with-input steering assemblages [10], and bipar-
tite quantum channels [11]. Heterogenous objects appear in
quantum networks [12]; for example, depending on the
local operations available, various schemes of quantum key
distribution have been proposed [13]. With the partial
exception of Ref. [6], no unified framework has been
given to describe and characterize [14] all these different
multipartite spacelike separated resource types.
Here, we work in the context of spacelike separation,

where local operations and shared randomness (LOSR
operations) are free, but no signaling forbids classical
communication, and we provide a framework which
unifies the study of nonclassicality of arbitrary types of
resources. We introduce a common notation for all
resource types, distinguished by the nature (trivial,
classical, or quantum) of the input and output systems,
and define a unified notion of nonclassicality which
subsumes the natural notions of nonclassicality for every
type of resource.

That is, we here (together with Ref. [15]) demonstrate
that entangled states, nonlocal boxes, unsteerable
assemblages, nonclassical teleportages, and indeed resour-
ces of all the types just listed can be viewed as instances of
a single notion of resourcefulness within a unified resource
theory [16]: that of nonclassicality of common cause
processes. This phrase was first introduced in Ref. [17]
in the context of a resource theory of nonlocal boxes, and it
is also apt in the broader type-independent context con-
sidered here. This unified view based on LOSR operations
also resolves some long-standing confusions [18].
While [15] defines and studies this resource theory more

abstractly, this paper proposes tools to quantify the non-
classicality of resources in a type-independent manner, and
defines nonclassicality measures that transcend types. For
example, we will here quantitatively compare resources of
various different types that have previously been studied
only separately in the literature. We also discuss how these
measures can be computed or approximated using off-the-
shelf software. We base our discussion on the resources
presented in Fig. 1, whose features are elaborated on below.
In other words, we show that one can rigorously compare
the quantitative degree of nonclassicality inherent in
distributed resources of arbitrary types.
A unified notation for all types of resources.—First, we

introduce a notation which is capable of describing a wide
variety of resources that arise naturally in Bell scenarios.
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In our framework, a “resource” is a quantum device
distributed over multiple spacelike separated parties which
receives inputs and produces outputs. Viewed broadly as a
channel, this subsumes a wide variety of special cases in the
literature, as we will show. For simplicity, we restrict
ourselves to the two-party case and to finite-dimensional
Hilbert spaces: we denote by X, Y the input systems and by
A, B the output systems of the first (Alice) and second
(Bob) parties, respectively, as shown in Fig. 2. We also use
H as an auxiliary system or placeholder.
To each system, say H, we associate two values:

the dimension d½H� and the type T½H� so that
H ¼ ðd½H�;T½H�Þ. The dimension d½H� describes the
associated Hilbert space Cd½H�, equipped with the computa-

tional basis fjiHigd½H�
i¼1 . We write the set of Hermitian

operators on Cd½H� as HðHÞ, the set of positive semidefinite
operators as HþðHÞ ¼ fρ ∈ HðHÞ∶ρ ≥ 0g, and the set of
density matrices as DðHÞ ¼ fρ ∈ HþðHÞ∶trðρÞ ¼ 1g. The
type T½H� ∈ f1;C;Qg describes whether the system is
trivial, classical, or quantum. A system is trivial (T½H� ¼ 1)

if and only if d½H� ¼ 1. A classical system (T½H� ¼ C)
restricts the operators in HðHÞ to a commutative
subalgebra; without loss of generality, we take these
operators to be diagonal in the computational basis jiHi.
Finally, a quantum system (T½H� ¼ Q) has no such
restriction. We sometimes omit the tensor product symbol:
e.g., DðXYÞ denotes DðX ⊗ YÞ, and we omit subscripts
labeling systems when convenient and unambiguous.
A resource R is a map

RABjXY∶DðXYÞ → DðABÞ; ð1Þ

which is trace preserving

trðR½ξ ⊗ ψ �Þ ¼ 1 ∀ ξ ∈ DðXÞ;ψ ∈ DðYÞ ð2Þ

and completely positive [19,20]

ðR ⊗ IÞ½νXYH0 � ≥ 0 ∀ νXYH0 ∈ DðXYH0Þ ð3Þ

for any auxiliary space H0. The subscript ABjXY corre-
sponds to the types and dimensions of all input and output
systems. For a resource R as in (1), we define the resource
type written

T½R� ¼ T½X �T½Y� → T½A�T½B�; ð4Þ

and the resource dimension

d½R� ¼ ðd½A�; d½B�; d½X �; d½Y�Þ: ð5Þ

We consider only resources that are nonsignaling from
every party to every other. No signaling from Alice to Bob
implies that if one ignores Alice’s output A, then Alice’s
input X has no influence on Bob’s output B. That is, the
reduced channel RBjXY ≡ trARABjXY of such a resource R
satisfies RBjXY ½ξ ⊗ ψ � ¼ RBjXY ½ξ0 ⊗ ψ � for all inputs
ξ; ξ0 ∈ DðXÞ and ψ ∈ DðYÞ. Hence, one can pick an
arbitrary ξ to construct the unique RBjY such that

RBjXY ½ξ ⊗ ψ � ¼ tr½ξ�RBjY ½ψ � ð6Þ

for all ξ and ψ . No signaling from Bob to Alice can be
encoded similarly as

RAjXY ½ξ ⊗ ψ � ¼ tr½ψ �RAjX ½ξ�: ð7Þ

Input and output types.—Note that when an output A of
a party is trivial, with T½A� ¼ I (or equivalently d½A� ¼ I),
no signaling guarantees that the party is irrelevant and can
always be ignored. In contrast, when an input X of a party
is trivial, with T½X � ¼ I, that party can nonetheless be
nontrivial, as happens, e.g., with quantum states. When an
output A is classical, with T½A� ¼ C, the channel satisfies
(for all ξ and all ψ):

FIG. 2. A two-party resource R ∈ DðXYÞ → DðABÞ and its
action on product input ξ ⊗ ψ ; by allowing X , Y, A, B to be
trivial, classical, or quantum, we unify all the resource types
shown in Table I.

FIG. 1. We exhaustively characterize the nonclassicality of five
resources of four different types by their convertibility relations
under LOSR operations (figure). We also characterize their
nonclassicality using a type-independent absolute robustness
monotone Mabs (table) that we introduce below. Any single
monotone is only partially informative; e.g., Mabs assigns the
same value to fμXZajxg and P⃗Tsi, even though the former is strictly
more nonclassical than the latter.
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∀ iA ≠ jA; hiAjR½ξ ⊗ ψ �jjAi ¼ 0: ð8Þ

When an input X is classical, with T½X � ¼ C, the channel
acts on the diagonal subspace, and thus satisfies (for all ψ )

∀ iX ≠ jX ; R½jiX ihjX j ⊗ ψ � ¼ 0: ð9Þ

Definition 1: The set RABjXY of all nonsignaling
resources of given types T½R� and dimensions d½R� is
defined as those channels which satisfy Eqs. (2)–(7) and
(when applicable) (8), (9).
For any given type and dimensionalities, this set is

representable via a semidefinite program (SDP), using the
Choi matrix [21,22] representation of resources; see Sec. III
of [23] for an explicit proof.
We show ten distinct types of resources which our

framework subsumes and which have been previously
studied in the literature in Table I.
Examples of resources.—We now define the examples

from Fig. 1.
The singlet jΨ−i is a quantum state (type II → QQ),

written as a channel acting on a trivial input, denoted 1:

RjΨ−i½1�¼ jΨ−ihΨ−j¼ ðj01i− j10iÞðh01j−h10jÞ=2: ð10Þ

The BM2 distributed POVM fΠabg (type QQ → CC) is
inspired by semiquantum tests of entanglement [15,50,51].
It can be constructed by two parties who share a singlet
state jΨ−i; Alice jointly measures system X together with
her half of the singlet using a Bell measurement in the basis
fðσa ⊗ 1ÞjΨ−iga¼0;1;2;3, where a labels her outcome, and
Bob proceeds similarly on system Y together with his half
of the singlet, with b ¼ 0, 1, 2, 3 as his outcome. (Here,
σ0 ¼ 1 and σ1;2;3 are the Pauli matrices.) The action of the
resulting distributed POVM with quantum inputs X and Y
on input quantum states ξ and ψ can be written

RfΠabg½ξ⊗ψ �¼
X

ab

jabihabjhΨ−jðσaξσaÞ⊗ ðσbψσbÞjΨ−i:

ð11Þ

The resources fμXZYajx g and fμXZajxg are steering

assemblages (type CI → CQ). The XZY-singlet assemb-
lage fμXZYajx g can be constructed by two parties sharing a

singlet, and one of them performing the measurement
fjþihþj; j−ih−jg, fj0ih0j; j1ih1jg or fj þ iihþij;
j − iih−ijg, depending on whether the classical input x is
0, 1, or 2, respectively, and where j�i ¼ ð1= ffiffiffi

2
p Þðj0i � j1i)

and j � ii ¼ ð1= ffiffiffi
2

p Þðj0i � ij1i). One can write the result-
ing assemblage in terms of its action on the three possible
classical inputs as

RfμXZY
ajx g½j0ih0j� ¼ ðj0−ih0 − j þ j1þih1þ jÞ=2;

RfμXZY
ajx g½j1ih1j� ¼ ðj01ih01j þ j10ih10jÞ=2;

RfμXZY
ajx g½j2ih2j� ¼ ðj0 − iih0 − ij þ j1þ iih1þ ijÞ=2: ð12Þ

The XZ-singlet assemblage fμXZajxg is defined similarly, but

where the classical inputs are x ¼ 0, 1, corresponding to the
first two POVMs above, respectively.
The Tsirelson box PTsiðabjxyÞ (type CC → CC) of

Ref. [52] is the quantum-realizable box which maximally
violates the CHSH inequality; it is obtained from jΨ−i
by projective measurements. Alice uses the same
measurements as in the preparation of RfμXZ

ajxg, while

Bob measures either fcj0i þ sj1i; sj0i − cj1ig or
fsj0i þ cj1i; cj0i − sj1ig, depending on whether y ¼ 0
or y ¼ 1, respectively, and where c ¼ cos π=8 and
s ¼ sin π=8. Then with a, b, x, y ¼ 0, 1, we have
RTsi½jxyihxyj� ¼

P
ab jabihabjPPsiðabjxyÞ with

TABLE I. Types of resources studied in the literature. The arrow indicates a quantum input or output space, while the arrow
indicates a classical input or output space.

Name Type T½R� Drawing Name Type T½R� Drawing

Quantum state [1,18] II → QQ Distributed measurement
(see semiquantum games [7])

QQ → CC

Shared randomness [2] II → CC MDI steering assemblage [8] CQ → CC

Nonlocal box [3] CC → CC Channel assemblage [9] CQ → CQ

Steering assemblage [4] CI → CQ Bob-with-input steering assemblage [10] CC → CQ

Teleportage [6] (in teleportation exps. [5]) QI → CQ General bipartite channel [11] QQ → QQ
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PTsiðabjxyÞ ¼
1þ ð−1Þaþbþxy=

ffiffiffi
2

p

4
: ð13Þ

A unified resource theory.—Next, we introduce a single
resource theory [16] which captures the relevant notion of
nonclassicality for all resources of all of the types described
above. Within this resource theory (which is expanded
upon in the companion article [15]), free resources are
the ones that are obtained using only LOSR opera-
tions [17,18]).
Definition 2 A resource RABjXY is LOSR free if it

admits of a convex decomposition into single party
resources Ri

AjX and Ri
BjY according to probability distri-

bution pi:

RABjXY ¼
X

i

piðRi
AjX ⊗ Ri

BjYÞ: ð14Þ

We denote the set of all free resources as
Rfree ≔∪ABXY Rfree

ABjXY , and the set of all no-signaling
resources (free or nonfree) as R ≔∪ABXY RABjXY ; note
that the union runs over all types and dimensions.
For some types, we have Rfree

ABjXY ¼ RABjXY .
Definition 3 A resource type is T-trivial if every

resource of that type is necessarily free.
Proposition 1 Any type T½X �T½Y� → T½A�T½B� with

T½X� ¼ I and T½A� ¼ C is T-trivial.
Proof.—Let R have type IT½Y� → CT½B�. Let

PðaÞ ¼ hajtrBR½ψ �jai for an arbitrary ψ ∈ DðYÞ. By no
signaling, PðaÞ is independent of ψ and unique. For a
with PðaÞ > 0, define the single-party channel
Ra½ � ¼ hajR½ �jai=PðaÞ ∈ DðYÞ → DðBÞ. Noting that
R½ψ � ¼ P

a PðaÞjaihaj ⊗ Ra½ψ �, it follows that R is
LOSR free.
We now turn our attention towards transformations of

resources: a generic transformation τ on resources is a
completely positive, linear supermap [53]

τ∶½DðXYÞ → DðABÞ� → ½ðDðX 0Y0Þ → DðA0B0Þ� ð15Þ

that transforms a resourceRABjXY into a resource RA0B0jX 0Y0 ,
possibly changing its type and dimensions. A transforma-
tion is LOSR free if it is obtainable by local operations
and shared randomness, and hence admits of a convex
decomposition into products of arbitrary supermaps [53]
acting only on a single party. A generic (bipartite) free
transformation is shown in Fig. 3(a) of Ref. [15]. The set of
free transformations is closed under composition, and maps
free resources to free resources.
The resourcefulness of resources is completely charac-

terized by the conversions that are possible between them
using free operations. For example, the relative non-
classicality of the resources in Fig. 1 are fully characterized
by the conversion relations claimed therein, whose validity
we now prove. When we defined the examples above, we
described how the singlet jΨ−i can be transformed into the

resources fΠabg, fμXZYajx g, fμXZajxg, and P⃗Tsi using local (and
hence LOSR-free) transformations. Furthermore, fΠabg
can be freely transformed into the singlet jΨ−i, as proved in
[15], so the two are equally resourceful (and hence can be
freely transformed into exactly the same resources). The
assemblage fμXZYajx g can be freely transformed into assem-
blage fμXZajxg simply by Alice ignoring the third input value,
and then also into PTsiðabjxyÞ by Bob further performing
the measurements given above Eq. (13) on his quantum
output. Finally, fμXZajxg can be transformed into PTsiðabjxyÞ
by Bob performing these same measurements.
It remains to show that every arrow absent from the

figure corresponds to a conversion that is impossible under
LOSR-free transformations. The following proposition
implies the nonconvertibility of PTsi into fμXZYajx g, fμXZajxg,
or jΨ−i, as well as the nonconvertibility of either fμXZYajx g or
fμXZajxg into jΨ−i. By transitivity, these imply the

nonconvertibility of any of PTsi, fμXZYajx g, and fμXZajxg
into fΠabg.
Proposition 2 For any transformation taking (i) boxes

ðCC → CCÞ to states ðII → QQÞ, (ii) boxes ðCC → CCÞ
to assemblages ðCI → CQÞ, or (iii) assemblages
ðCI → CQÞ to states ðII → QQÞ, the resulting resource is
necessarily LOSR free.
Proof.—Consider first a generic LOSR transformation

taking boxes ðCC → CCÞ to states ðII → QQÞ; the most
general such transformation is depicted by the dashed
operations in Fig. 3(a), since for any party with only a
classical input and output, the side channels on their local
supermaps may be taken to be classical systems without

(a)

(b) (c) (d)

FIG. 3. Graphical proof of case 1. of Proposition 2. (a) The
most general transformation from type CC → CC to type
II → QQ; without loss of generality, the side channels can be
taken to be classical. One can imagine the transformation in (a) as
a two-step procedure: the initial resource (b) of type CC → CC is
transformed to a resource (c) of type II → CC, and then to a
resource (d) of type II → QQ. In (b)–(d), the shading indicates the
portion of the figure whose type is labeled.
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loss of generality. As shown in Figs. 3(b)–3(d), any such
LOSR transformation can be seen as a composition of two
LOSR transformations, where the first takes type CC →
CC to type II → CC, and the second takes type II → CC to
type II → QQ. Now, Proposition 1 guarantees that the
result of the first transformation is free, since its type is
T-trivial. Since LOSR operations preserve the free set, the
final resource resulting after the second transformation is
also free.
The other two cases listed in the proposition have

analogous proofs, but where the T-trivial intermediate
types are CI → CC and II → CQ, respectively.
To establish the nonconvertibility of fμXZajxg to fμXZYajx g, it

suffices to exhibit a monotone whose value would increase
under the conversion. Such a monotone is the type-
independent absolute robustness, which we introduce
below and depict in Fig. 1.
Type-independent monotones.—One can quantitatively

measure the nonclassicality of a resource using any
function that does not increase under LOSR transforma-
tions, which is a monotone of our resource theory. We focus
on the type-independent absolute robustness here, but
consider others in Sec. I of [23].
Definition 4 The type-independent absolute robustness

MabsðRÞ of a resource R ∈ R of arbitrary type and
dimension is

MabsðRÞ ¼ min s such that ðRþ sSÞ=ð1þ sÞ ∈ Rfree;

s ≥ 0; S ∈ Rfree; d½S� ¼ d½R�;T½S� ¼ T½R�:

Our innovation here is to consider functions which
behave monotonically even under operations that change
the resource type, which allows us to compare the non-
classicality of resources across different types, as in Fig. 1.
We prove in Sec. I of [23] that the absolute robustness (as
defined here) has this property—despite the fact that the
special cases of it which have been previously studied
[17,54–58] have been type specific, and despite the fact that
the computation of MabsðRÞ involves a specification of the
type and dimension of R.
The values of this monotone on the examples in Fig. 1

are exact, and the manner by which they are computed is
described in Sec. VI of [23]. (We also compute these values
for a family of parametrized versions of four of these
resources.) Note that monotones can be used to prove that
some conversions under LOSR are impossible, namely,
those which would increase the value of Mabs. One cannot
conclude anything about which conversions are possible.
This can be seen in Fig. 1, where Mabs assigns the same
value to the Tsirelson box and to the assemblage fμXZajxg,
despite the fact that the two are not equivalent, as the former
cannot be freely converted to the latter by Proposition 2.
A hierarchy to characterize nonclassicality.—We now

describe how one can in practice determine whether or not a
given resource R⋆ is LOSR free. This can be done using a

hierarchy of SDPs which ultimately checks if R⋆ is a
member of Rfree. The reasoning is as follows.
If R⋆

ABjXY ∈ Rfree, then R⋆ has a convex decomposition

as in (14). By copying the shared randomness to more
parties (who can then locally emulate any other party) it
follows that R⋆ has an n-symmetric extension [59,60] for
any n, obtained by copying the second party n times in the
product. That is, for any n there exists

RðnÞ ¼
X

i

piðRi
AjX ⊗ Ri

B1jY1
⊗;…;⊗ Ri

BnjYn
Þ; ð16Þ

such that (i) RðnÞ is no signaling from any party to any other,
(ii) RðnÞ is symmetric under all n! permutations of the
copies, and (iii) the reduced resource trB2;…;Bk

RðnÞ ¼ R⋆.
Whether or not an n-symmetric extension RðnÞ exists can

be tested by an SDP. Hence:
Proposition 3 The set of classical resources Rfree

ABjXY of
any given type and dimensionalities has a sequence of outer
approximations

RABjXY ⊇ Fð1Þ
ABjXY ⊇;…;FðnÞ

ABjXY ;…;⊇ Rfree
ABjXY ; ð17Þ

where each FðnÞ
ABjXY is representable by a SDP, such

that limn→∞ FðnÞ
ABjXY ¼ Rfree

ABjXY .

Proof.—Each FðnÞ
ABjXY is defined by the set of resources

that admit of an n-symmetric extension, and each such set
is SDP-representable (see Definition 1). Leveraging the
Choi matrix representation of resources, convergence
follows immediately from Ref. [[60], Theorem 3.4], since
the constraints of Eqs. (2)–(7) and (when applicable) (8),
(9) have the form required by the theorem; see Sec. IV of
[23] for explicit details.
Application: witnessing nonclassicality.—Because this

sequence of approximations converges on Rfree
ABjXY , for any

nonclassical resource R ∉ Rfree
ABjXY of arbitrary type and

dimension, there exists some level n of the hierarchy such
that R ∉ FðnÞ

ABjXY , which witnesses the fact that R is not free.
We stress again that our technique applies to all types of
resources, since all that distinguishes different types is the
inclusion (or not) of constraints of the form in (8) and (9) in
the relevant SDPs.
Application: computation of monotones.—This hier-

archy enables the practical computation of monotones.
For example, consider again the absolute robustness Mabs.

By replacingRfree
ABjXY with the outer approximation FðnÞ

ABjXY

in the definition of Mabs, one relaxes the constraints in the
minimization, thus obtaining a lower bound on MabsðRÞ.
This gives a sequence of approximations

M̃ð1Þ
absðRÞ ≤;…;≤ M̃ðnÞ

absðRÞ ≤;…;≤ MabsðRÞ; ð18Þ

PHYSICAL REVIEW LETTERS 125, 210402 (2020)

210402-5



each of which is explicitly computable using a SDP (see

Sec. V of [23]), such that limn→∞ M̃ðnÞ
absðRÞ ¼ MabsðRÞ.

Application: LOSR convertibility of states.—Since con-
vertibility relations fundamentally determine the resource-
fulness of resources, it is of central importance to be able to
determine when one resource can be freely converted to
another. By definition, free transformations that convert
states (type II → QQ) into states are themselves free
resources of type QQ → QQ. Given states ρ ∈ DðABÞ
and ρ0 ∈ DðA0B0Þ, one can test for the existence of an
LOSR-free transformation (viewed as a resource R) such
that ρ0 ¼ R½ρ�. Since this is a linear constraint, one can
modify the hierarchy of Proposition 3 to include it,
generating a new hierarchy which tests for the possibility
of LOSR convertibility between ρ and ρ0. A natural
extension of this hierarchy to allow generic local super-
maps [53] would allow one to test for the possibility of
LOSR conversions between arbitrary types of resources,
but we leave this for future work.
Outlook.—We have given a type independent description

of nonclassical resources when local operations and shared
randomness are free, generalizing a series of existing
results, including those in Refs. [1,3–10,61]. This Letter
opens many new research avenues. First, although general-
izing our definitions and arguments to n-party scenarios is
straightforward, multipartite nonclassicality in general
scenarios is likely to have a rich structure, as happens
for multipartite LOCC entanglement [62–64]. Still more
interesting would be to expand our framework to encom-
pass supermaps; for example, this would allow for a
description of filtering [65], and for the construction of a
hierarchy of SDPs that can witness the possibility or
impossibility of any LOSR conversion between any two
resources of any type. Much work remains to be done in
defining monotones which are computable and which have
operational significance across multiple resource types.
These questions can also be asked for the resource theory of
postquantumness, wherein the free operations are local
operations and shared randomness [66]. For all these, the
methods of Ref. [67], which presents a unified framework
to study monotones in resource theories, are likely to be
useful. Finally, we hope that our framework will be used to
unify the expanding set of scenarios under study, and to
generalize the tools developed to characterize them.
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