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Abstract

One of the most fundamental aspects of probabilistic reasoning is
the rule by which beliefs are updated in light of new information. In
the classical setting, this rule is uniquely determined by the principle
of minimum change, which requires that updated beliefs incorporate
the observed data while deviating as little as possible from the prior.
This principle leads directly to Bayes’ rule, and thereby underpins
a vast range of inference methods across the sciences. In quantum
theory, however, the formulation of an analogous update rule is far
from straightforward, due to the noncommutative structure of quan-
tum states and the absence of a canonical notion of joint probability
distributions or conditional probabilities.

The object of the present works is to establish a coherent quantum
counterpart of Bayesian updating, grounded in the same principle of
minimum change. The central idea is to formulate the update not at
the level of marginal states, but at the level of entire input-output
processes. By representing quantum processes as bipartite states and
measuring their similarity via suitable information-theoretic diver-
gences, one can define a quantum optimization problem whose so-
lution yields a unique retrodictive map. When the notion of change is
quantified through fidelity, this solution admits a closed-form expres-
sion and, in a broad class of physically relevant cases, coincides with
the Petz transpose map, thereby providing a principled derivation of
a quantum analogue of Bayes’ rule.

In order to clarify the operational content of this construction, we
further specialize the framework to quantum measurements, viewed
as quantum-to-classical channels. In this semiclassical regime, the
minimum change principle can be extended beyond fidelity to a wide
class of statistical divergences, all of which select the same retrodictive



update. This universality establishes the resulting map as a genuine
quantum Bayesian inverse, independent of the particular choice of di-
vergence. The retrodicted states so obtained allow one to construct
a symmetric joint probability distribution for pairs of measurements,
giving rise to a notion of mutual retrodictability that quantifies the ex-
tent to which the outcomes of different measurements can be inferred
from one another in a backward-in-time sense.

Finally, this retrodictive framework leads naturally to new en-
tropic uncertainty relations. These relations are expressed directly
in terms of the prior state and the measurement operators, admit the
standard operational interpretation of uncertainty relations, and are
shown to provide consistently tighter bounds than existing formula-
tions across broad classes of states and measurements. Altogether,
these results establish the principle of minimum change as a unifying
foundation for quantum inference, linking Bayesian reasoning, quan-
tum measurements, and information-theoretic constraints in a single
coherent framework, and opening new perspectives on the role of retro-
diction in quantum theory.
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Why Bayes’ Rule?

And what is its quantum analogue?
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what this talk is NOT about

philosophical debates (e.g., Bayesianism VS Frequentism, interpretations of QM such
as QBism, etc.)
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what this talk is about

prior likelihood
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Why Bayes’ Rule?

The wrong answer: because it is a trivial consequence of the law of total probability,
detailed balance, etc.

The correct question: why Bayes’ Rule provides a “good” update rule?
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possible justifications of the “inevitability” of Bayes’ Rule

by De Finetti, (Harold) Jeffreys, Savage, and Cox.

(Richard) Jeffrey’s and Pearl’s
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parenthesis: the Bayes-Jeffrey-Pearl update

@ consider classical discrete noisy channel P(z|i) and prior ()

.. _ Bayes’Rule . . =
@ observe definite value 7 ==——= infer posterior R},(i|%) :=

@ but what if observation is noisy and returns p.d. o(z) instead?

Theorem (Jeffrey 1965, Pearl 1988)

Given channel P(x|i) and prior (i), the result of a noisy observation o(x) results in

inference
(i) =Y | Rp(ilz) | o() .

Note: usual Bayes’ Rule recovered for o(z) = 0, »

7m.
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The problem with these derivations is that they are

based on axioms, which may appear natural to some but
less so to others.

Alternative: can Bayes’ Rule be derived as the (optimal,
unique) solution to a concrete info-theoretic task?
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minimum change principle: idea

The optimal update is the one which:
° (the observation)

e deviates as little as possible from the prior
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minimum change principle: formalization

@ given channel P(x|i) and prior (i), construct the
[P oA (i) = P(x]i)y(i)
@ given o(x), consider the problem

mFiinID)(R*a,P*fy) :

where D(+, +) is a suitable information divergence, and the minimum is taken over
all R = R(i|x)

Then, for many reasonable choices of D (e.g., the KL-divergence), it turns out that

arg m}%nD(R* o, Pxv) =R},

where R}, = R} (i|z) = [I[DIZYY]]EE’;) is precisely
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an obstacle to quantum generalization

The minimum change principle is formulated using the

— “change” to be minimized is
, hot just its marginals.

— problem in the quantum case...
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a quantum analogue for joint i/o distributions

Given a (finite dimensional) channel £ : A — B define:

e the 1 Ce =22, E(INI]) B @ [i)j]a
@ the tExy = (1p®@+\/75)Ce(lp @ \/7h)
Note that:

@ & xyisawell-defined bipartite stateon B ® A
@ Trpl€x7] =~
(") TI‘A[(C:*’}/] = g(’Y)B

@ when all operators are diagonal, the transpose is immaterial and we get back to
the classical joint i/o probability distribution
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quantum minimum change principle

Given channel £ : A — B, prior yon A, and “new information” o on B, consider

: T
CPTPI%{IB}%A D((Rx0o)",Ex7)

Theorem (PRL 135, 090203 (2025))
For £ x~v > 0and o > 0, when the (neg-)divergence is chosen to be the

F(r,y) := Tr| VV/aEyva),
arg m%XIF((R* o) ExY) =Reno

where

N

Re o) =14 €' [E(1)7F sty () Ul E0)73] 04

and Ug(y) » = —m is the optimal
ol (v)\Vo
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schematic representation

Al oT T
A% a (?g ] U“Z[c)/» —

|ﬁ>< - - 2>

the optimal inference is nothing but the P¢., composed after an
“evidence realignment” unitary transformation Ug(,) »

see also:
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some questions

In general, when [£(7), o] # 0 the dependence of the posterior R¢ , , (o) on the new
data o is not linear (via the evidence realignment unitary): bug or feature?

What happens when other divergences are used instead of the fidelity?

What about multi-partite situations, locality restrictions, ...?
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Application: quantum measurement retrodiction
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simplifications

Considera P(e) := > Tr[P, o] |z)z|, where {P,}, is a
POVM and {|z)}. a fixed orthonormal basis.

This case is much easier because:

@ thejointi/o state can be written ,as

Py =3, o) & yPy
@ the outputis classical: [0, P(y)] = 0, forall o and all ~ ( )

@ backward channel must be tR() =D, 0x (| +|x), for some
choice of { o, }, states on input

@ henceRxo =) o(z)|z)z| ® 0,
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minimum change principle for quantum measurements

Theorem (QST 11, 025049 (2026))

For measurement P(+) := > _Tr[P, «| |z)(z| and prior state v, let 7(x) := Tr[P, ] > 0
forall x.
Then,

m%n D(Rxo, Pxv) =D(o, 7),

with the minimum uniquely achieved by

R () = 3 ] o ) Yoz VT

- ()

NP,/
= upon observing outcome z, the state to infer is M
I Re
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inferring one measurement from another

1 {FL P @:w 2| 194, 1>
7 TP 2

f

xX

the corresponding expected joint distribution

Pr(z Ay) = Tr[yP,] Tr[y, Q] = Tr[Qy /Pl

always has the correct marginals, i.e., Pr(z) = Tr[y P,] and Pr(y) = Tr[y Q,]
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retrodictive entropic uncertainty relations

instrument representation:

7= VPV P =5 VAP — QAP AV Gy = Tey(7)

Groenewold-Ozawa information gain: Igo(J,7) = S(v) — >_,, Pr(x Ay)S (—ﬁ@%ﬁ)

efficacy (PRA 102, 032210): E(J,7) = D(v||7¥) , where ¥ == Zm,y[jg_)y 0 Tusy)(7)

Theorem (QST 11, 025049 (2026))
For any state v and any pair of POVMs { P, } ., and {Q, },, it holds:

H(X)W "’H(Y)v > H(XY)7 > Igo(J,7) + E(T,7) -

Moreover, if (at least) one of the two POVMs is rank-one, then

H(X), +H(Y), 2507+ E(T,7) -
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numerical comparison with other EURs

S(y)+ E(T,vy) = A, our work

H(X), +H(Y), >
(X)y + H(Y), {S(v)—maxm,ylogH\/Q_y\/EHio — B, Bertaetal. 2010
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Figure: plot of (A — B)/B for 50,000 randomly generated rank-one POVMs
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conclusions and outlook

© Bayes’ rule can be characterized by a minimum-change principle
@ thesameidea extends to quantum processes through joint input-output states
© the optimal quantum update is “Petz recovery + evidence realignment”

© measurement retrodiction gives concrete applications, including new entropic
uncertainty relations

The End: Thank You!
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