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Abstract

In classical statistics, Bayes’ rule can be justified by the minimum

change principle: when new data are acquired, one should update the

prior description in the least committal way compatible with that in-

formation. In this talk, I show that the same principle can be extended

to quantum measurements, providing a natural and operationally rig-

orous notion of retrodiction from a measurement outcome.

For generalized quantum measurements described by POVMs, this

approach selects a unique retrodictive state associated with each out-

come. Remarkably, for quantum-to-classical measurement channels

this retrodictive update is independent of the particular information

divergence used to define the minimum-change problem, yielding a

canonical quantum analogue of Bayesian inversion. Using this state,

one can construct a symmetric joint probability distribution for any

pair of measurements and quantify how well they can retrodict each

other’s outcome statistics through a notion of mutual retrodictability.

This framework leads to two new entropic uncertainty relations

for arbitrary states and POVMs. Although derived from a retrod-

ictive construction, these relations admit the usual operational in-

terpretation in terms of measurement statistics. One of them also

connects entropic uncertainty with approximate recoverability and

with the Groenewold–Ozawa information gain, thereby linking retro-

diction to the information-theoretic and thermodynamic aspects of

quantum measurement. Numerical comparisons indicate that the re-

sulting bounds are often tighter than standard entropic uncertainty

relations across broad classes of states and measurements.
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Why Bayes’ rule?

Pr(i|xo)︸ ︷︷ ︸
posterior

=

prior︷ ︸︸ ︷
Pr(i)

likelihood︷ ︸︸ ︷
Pr(xo|i)

Pr(xo)︸ ︷︷ ︸
prop. constant

→
prior︷ ︸︸ ︷
Pr(i)

likelihood︷ ︸︸ ︷
Pr(xo|i)

Arguments for “inevitability”:

Foundational programs of De Finetti, (Harold) Je#reys, Savage, and Cox
Probability kinematics by (Richard) Je#rey
Virtual evidence method by Judea Pearl
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parenthesis: “hard” VS “so$” evidences

consider classical discrete noisy channel (likelihood) P (x|i) and prior ω(i)

observe definite value x̄ Bayes
===↑ infer posteriorRω

P (i|x̄) :=
ω(i)P (x̄|i)
[Pω](x̄)

but what if observation is noisy and returns p.d. ε(x) instead?

Theorem (Je#rey 1965, Pearl 1988)
Given channel P (x|i) and prior ω(i), the result of a noisy observation (or “so! evidence”)
ε(x) results in inference

ε̃(i) :=
∑

i

R
ω
P (i|x) ε(x) .

Note: usual Bayes’ Rule recovered for ε(x) = ϑx,x̄ , i.e., “hard evidence”.
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The problemwith these derivations is that they are
based on axioms, whichmay appear natural to some but
less so to others.

Alternative: can Bayes’ Rule be derived as the (optimal,
unique) solution to a concrete info-theoretic task?
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minimum change principle: idea

The optimal update is the one which:

is consistent with the new information (the observation)

deviates as little as possible from the prior
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minimum change principle: formalization

given channel P (x|i) and prior ω(i), construct the forward process
[P ϖ ω](x, i) := P (x|i)ω(i)
given new information ε(x), choose a suitable information divergenceD(•, •) and
consider the problem

min
R→R(i|x)

D(R ϖ ε, P ϖ ω)

Then, for many reasonable choices ofD (e.g., the KL-divergence), it turns out that

argmin
R

D(R ϖ ε, P ϖ ω) = R
ω
P

whereRω
P ↓ R

ω
P (i|x) =

[Pεω](x,i)
[Pω](x)

:= P (x|i)ω(i)∑
i P (x|i)ω(i) is precisely Bayes’ inverse.
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an obstacle to quantum generalization

Theminimum change principle is formulated using the joint input-output distributions.

=↑ “change” to beminimized is change relative to thewhole input-output stochastic
process, not just its marginals.

=↑ problem in the quantum case...
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a quantum analogue for joint i/o distributions

Given a (finite dimensional) channel E : A ↔ B define:
the Choi operator: CE :=

∑
i,j E(|i↗↘j|)B ≃ |i↗↘j|A

the joint i/o state: E ϖ ω := (1B ≃
√
ω
T
A)CE(1B ≃

√
ω
T
A)

Note that:
E ϖ ω is a well-defined bipartite state onB ≃ A

TrB[E ϖ ω] = ω
T
A

TrA[E ϖ ω] = E(ω)B
when all operators are diagonal, the transpose is immaterial and we get back to
the classical joint i/o probability distribution
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quantumminimum change principle
Given channel E : A ↔ B, prior ω onA, and “quantum evidence” ε onB, consider

min
CPTPR:B↑A

D((R ϖ ε)T , E ϖ ω)

Theorem (PRL 135, 090203 (2025))
For E ϖ ω > 0 and ε > 0, when the (neg-)divergence is chosen to be the quantum fidelity
F(x, y) := Tr

[√⇐
xy

⇐
x

]
,

argmax
R

F((R ϖ ε)T , E ϖ ω) = PE,ω ⇒ UE(ω),ϑ ,

wherePE,ω(•) := ω
1
2 E†

[
E(ω)↓ 1

2 (•) E(ω)↓ 1
2

]
ω

1
2 is the Petz transpose map and

UE(ω),ϑ :=
⇐

E(ω)
↔
ϑ

1⇐↔
ϑE(ω)

↔
ϑ
is the optimal evidence realignment unitary.

see also: A. Afham and M. Tomamichel, Projections with Respect to Bures Distance and Fidelity:
Closed-Forms and Applications, arXiv:2602.14732 [quant-ph]
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quantum Bayes = realignment + Petz map

liylos
B B
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Special case: quantummeasurement retrodiction
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minimum change principle for quantummeasurements
Theorem (QST 11, 025049 (2026))
For measurementM(•) :=

∑
x Tr[Mx • ] |x↗↘x| and prior state ω, let

ϱ(x) := Tr[Mx ω] > 0 for all x.
Then, for any distribution ε(x) and for a broad class of divergences

min
R

D(R ϖ ε, M ϖ ω) = D(ε, ϱ) ,

with the minimum uniquely achieved by the Petz transpose map (no realignment)

PM,ω(•) :=
∑

x

↘x| • |x↗
⇐
ωMx

⇐
ω

ϱ(x)
.

=↑ upon observing outcome x, the state to infer is
⇐
ωMx

⇐
ω

Tr[Mx ω]
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inferring onemeasurement from another

U00
↑

#
R

the corresponding expected joint distribution

p(x, y) = Tr[ωMx]︸ ︷︷ ︸
p(x)

Tr[ωx Ny]︸ ︷︷ ︸
p(y|x)

= Tr[Ny
⇐
ωMx

⇐
ω]

always has the correct marginals: p(x) = Tr[ω Mx] and p(y) = Tr[ω Ny]
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retrodictive entropic uncertainty relations
instrument representation

ω ⇑⇓↔
√

Ny Ux,ω

√
Mxω

√
MxU

†
x,ω︸ ︷︷ ︸→

ωMx
→
ω

√
Ny =: Jx↑y(ω)

Groenewold–Ozawa information gain

IGO(J , ω) := S(ω)⇓
∑

x,y

p(x, y) S

(
Jx↑y(ω)

p(x, y)

)

e#icacy (PRA 102, 032210)

E(J , ω) := D(ω⇔ω̃) , ω̃ :=
∑

x,y

[J †
x↑y

⇒ Jx↑y](ω)

For any state ω and any pair of POVMs {Mx}x and {Ny}y , it holds:

H(X)ω +H(Y )ω ↭ H(XY )ω ↭ IGO(J , ω) + E(J , ω) .

Moreover, if (at least) one of the two POVMs is rank-one, thenH(X)ω +H(Y )ω ↭ S(ω) + E(J , ω) .
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numerical comparison with other EURs

H(X)ω +H(Y )ω ↭
{
S(ω) + E(J , ω) =: A , our work
S(ω)⇓maxx,y log

∥∥√Ny

⇐
Mx

∥∥2

↗ =: B , Berta et al. 2010

Figure: plot of (A⇓B)/B for 50,000 randomly generated rank-one POVMs
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conclusions and outlook

1 Bayes’ rule can be characterized by a minimum-change principle

2 the same idea extends to quantum processes through joint input-output states

3 the optimal quantum update is “Petz recovery+ evidence realignment”

4 measurement retrodiction gives concrete applications, including new entropic
uncertainty relations

The End: Thank You!
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