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The Quantum Capacity of Channels With Arbitrarily
Correlated Noise

Francesco Buscemi and Nilanjana Datta

Abstract—We study optimal rates for quantum communication
over a single use of a channel, which itself can correspond to a finite
number of uses of a channel with arbitrarily correlated noise. The
corresponding capacity is often referred to as the one-shor quantum
capacity. In this paper, we prove bounds on the one-shot quantum
capacity of an arbitrary channel. This allows us to compute the
quantum capacity of a channel with arbitrarily correlated noise, in
the limit of asymptotically many uses of the channel. In the mem-
oryless case, we explicitly show that our results reduce to known
expressions for the quantum capacity.

Index Terms—Quantum capacity, entanglement transmission,
one-shot capacity, quasi-entropies, smooth Rényi entropies, infor-
mation spectrum.

1. INTRODUCTION

N contrast to a classical channel which has a unique ca-

pacity, a quantum channel has various distinct capacities.
This is a consequence of the greater flexibility in the use of
a quantum channel. As regards transmission of information
through it, the different capacities arise from various factors:
the nature of the transmitted information (classical or quantum),
the nature of the input states (entangled or product states) the
nature of the measurements done on the outputs of the channel
(collective or individual), the absence or presence of any addi-
tional resource, e.g., prior shared entanglement between sender
and receiver, and whether they are allowed to communicate
classically with each other. The classical capacity of a quantum
channel under the constraint of product state inputs was shown
by Holevo [1], Schumacher and Westmoreland [2] to be given
by the Holevo capacity of the channel. The capacity of a
quantum channel to transmit quantum information, in the ab-
sence of classical communication and any additional resource,
and without any constraint on the inputs and the measurements,
is called the quantum capacity of the channel. It is known to
be given by the regularized coherent information [3]-[5]. A
quantum channel can also be used to generate entanglement
between two parties, which can then be used as a resource for
teleportation. The corresponding capacity is referred to as the
entanglement generation capacity of the quantum channel and
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is equivalent to the capacity of the channel for transmitting
quantum information [5].

All these capacities were originally evaluated in the limit of
asymptotically many uses of the channel, under the assumption
that the noise acting on successive inputs to the channel is un-
correlated, i.e., under the assumption that the channel is mem-
oryless. In reality, however, this assumption, and the consid-
eration of an asymptotic scenario, is not necessarily justified.
It is, hence, of importance to evaluate both (7) bounds on the
one-shot capacities of a quantum channel, that is its capacities
for a finite number of uses or even a single use, as well as (i7)
the capacity of an arbitrary sequence of channels, possibly with
memory. Both these issues are addressed in this paper.

For an arbitrary quantum channel, it is not in general pos-
sible to achieve perfect information transmission or entangle-
ment generation over a single use or a finite number of uses.
Hence, one needs to allow for a nonzero probability of error.
This leads us to consider the capacities under the constraint that
the probability of error is at most ¢, for a given € > 0.

In this paper we consider the following protocol, which we
call entanglement transmission [6]. Let ® be a quantum channel,
let Hys be a subspace of its input Hilbert space, and let € be
a fixed positive constant. Suppose Alice prepares a maximally
entangled state | 1) € Hyr ® Hasr, where Hapr ~ Hay, and
sends the part M through the channel ® to Bob. Bob is allowed
to do any decoding operation (completely positive trace-pre-
serving map) on the state that he receives. The final objective
is for Alice and Bob to end up with a shared state which is
nearly maximally entangled over H ;s @ H g, its overlap with
|T+) being at least (1 — €). In this protocol, there is no classical
communication allowed between Alice and Bob. For a given
e > 0, let Qent(P; ) denote the one-shot capacity of entan-
glement transmission. In this paper, we prove that this capacity
is expressible in terms of a generalization of the relative Rényi
entropy of order 0. Our results also yield a characterization of
the one-shot quantum capacity of the channel. This is because it
can be shown that the one-shot capacity of transmission of any
quantum state by the channel, evaluated under the condition that
the minimum fidelity of the channel is at most (1—¢), for a given
e > 0, is bounded above by Qent(®; 2¢), and bounded below
by Qent(P;e/2) — 1 (see Section V).

By the Stinespring Dilation Theorem [7], the action of a
quantum channel creates correlations between the sender,
the receiver, and the environment interacting with the input.
Faithful transmission of quantum information requires a de-
coupling of the state of the environment from that of the sender
(see the special issue [8]). In [9], a lower bound to the accuracy
with which this decoupling can be achieved in a single use
of the channel, was obtained. Here we go a step further and
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evaluate bounds on the one-shot capacity. In evaluating the
lower bound, we employ an inequality, given by Lemma 4,
relating the decoupling accuracy to the decoding fidelity. To
obtain the upper bound we instead generalize the standard
arguments relying on the quantum data-processing inequality
[5], [12]. Moreover, in the limit of asymptotically many uses of
a memoryless channel, we prove, without explicitly resorting
to any typicality argument, that each of these bounds converge
independently to the familiar expression of the quantum ca-
pacity given by the regularized coherent information [3]-[5].
For the important case of an arbitrary sequence of channels,
possibly with memory, our one-shot result yields the asymptotic
quantum capacity in the Information Spectrum framework [13],
[31]-[33], [14].

We start the paper with some definitions and notations in
Section II, including that of quasi-entropies, which play a piv-
otal role in our analysis. In Section III we introduce the pro-
tocol of entanglement transmission, and define its fidelity and
the corresponding one-shot capacity. Our main result is given
by Theorem 1 of Section I'V. In Section V we relate the one-shot
entanglement transmission capacity with the one-shot quantum
capacity. The tools used for the proof of Theorem 1 are given
in Section VI, with the proof itself presented in Section VII.
Further, in Section VIII, we consider a sequence of arbitrary
channels, with or without memory, and derive an expression
for its asymptotic quantum capacity. When the channels in the
sequence are memoryless, we recover known expressions for
quantum capacity given in terms of the regularized coherent
information. We conclude with a discussion of our results in
Section IX.

II. DEFINITIONS AND NOTATIONS

A. Mathematical Preliminaries

Let B(H) denote the algebra of linear operators acting on
a finite-dimensional Hilbert space H and let () denote the
set of positive operators of unit trace (states) acting on H. A
quantum channel is given by a completely positive trace-pre-
serving (CPTP)map @ : B(H ) — B(Hp), where H 4 and H
are the input and output Hilbert spaces of the channel. Moreover,
for any given subspace S C 'H 4, we define the restriction of the
channel ® to the subspace S as ®|s(p) := ¢(IIsplls), for any
p € B(H,), with TIs being the projector onto S. Notice that
®|s is itself a CPTP-map @|s : B(S) — B(Hp). Throughout
this paper we restrict our considerations to finite-dimensional
Hilbert spaces, and we take the logarithm to base 2.

For given orthonormal bases {|i*)}¢_, and {|i®)}¢_, iniso-
morphic Hilbert spaces Hy ~ Hp ~ H of dimension d, we
define a maximally entangled state (MES) of rank m < d to be

aBy_ L a4y B
M)—m;z)@lz ). (1)

When m = d, for any given operator A € B('H), the following

relation can be shown by direct inspection:

(A® 1) TPy = (10 A7) [V,7) (2)
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where 1 denotes the identity operator, and A7 denotes the trans-
position with respect to the basis fixed by (1). Moreover, for any
given pure state |¢), we denote the projector |¢){¢| simply as ¢.

The trace distance between two operators A and B is given
by

|4 = Bl := Tr[{A 2 B}(A - B)] - Tr[{A < B}(A - B)]
where {A > B} denotes the projector on the subspace where

the operator (A— B) is nonnegative, and {A < B} := 1-{4 >
B}. The fidelity of two states p and o is defined as

F(p.0) = "Try/ oo /5 = Vv .

The trace distance between two states p and o is related to the
fidelity F'(p, o) as follows (see, e.g., [12]):

3)

1—F2(p,0) “

1
L= Flp.) < M- ol <
where we use the notation F%(p, o) = (F(p,c))?. We also use
the following results.

Lemma 1 ([15]): For self-adjoint operators A and B, and any
positive operator 0 < P < 1

Tr[P(A - B)] < Tr[{A > B}(A - B)]
and
Tr[P(A — B)] > Tr[{4 < B}(4 — B)].
O

Lemma 2 (Gentle Measurement Lemma [17], [16]): For a
state p € G(H) and operator 0 < A < 1, if Tr(p A) > 1 — 6,
then

llp = VApVA|l1 < 26,

The same holds if p is a subnormalized density operator. O

Lemma 3 ([18]): For any self-adjoint operator X and any
positive operator £ > 0, we have

X1 < Te{e] e [ xe 2 xe
< Tr[¢]Tr [X2¢71]. Q)

]

Proof: The first inequality in (5) was proved in [18]. The

second one simply follows as an application of the Cauchy-
Schwarz inequality, that is

Te[X¢12XE1?)
< T(xe-12) (X e1/2)T]

% T[(x ey (xem1/2)
= Tr[X2%¢71).
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Lemma4: Given a tripartite pure state |Q75F) € HpoHp®
He, let wBB WwHBE wE and wF be its reduced states. Then

F2(WBE whRewf) < max F2((idr@Dp)(whP), TE1) (6)

where |UT4) € Hp @ H 4 is some fixed purification of w® and
D : B(Hp) — B(H.4) denotes a CPTP map. O

Proof: Fix some purification |XEA/) € Hg @ Hy of
wE. Then, for the fixed purification |W4) of w, we have, by
Uhlmann’s theorem [10], the monotonicity of the fidelity under
partial trace, and Stinespring’s Dilation Theorem [7]

FQ((URE,(UR ®wE)
FQ((,DREAA 7\]?13A®><EA )

= max
‘gPREAA’>
Tr, s [pREAA |=uRE
= max F?((17F @ Vp)QRPE(1RFE @), wh4 o xXF4)
V:B—AA'
v?v:]lB
< mngz((idRQbDB)(wRB), PR )

where D : B(Hp) — B(H.) denotes a CPTP map. In the
second equality of (7) we also used the well-known fact that
all possible purifications of a given mixed state (w?F, in our
case) are related by some local isometry acting on the purifying
system only (i.e., subsystem B).blackbox full

B. Quasi-Entropies and Coherent Information

For any p,0 > 0 and any 0 < P < 1, the quantum relative
quasi-entropy of order o [22], for « € (0, 00)\{1}, is defined
as

1

a—1

SPplo) = log Tr[VPp*VPo'™®].  (8)
Notice that for P = 1, the quasi-entropy defined above reduces
to the well-known Rényi relative entropy of order .

In this paper, in particular, the quasi-entropy of order 0,
namely

P =i P
So (pllo) = lim Sa(pll o) ©
plays an important role. Note that
S&(pllo) = —log Te[V/PIL,VP o] (10)

where II,, denotes the projector onto the support of p. Our main
result, Theorem 1, is expressible in terms of two “smoothed”
quantities, which are derived from the quasi-entropy of order 0,
for any 6 > 0, as

¢ ¢ ABy ._ . 1,-4B B
IO,5(p )= pABGH;?:E\B;é)O.BGHg(r;_{B)SU (P la®c”)
(11)
and
I5s(p"P) = max — min  ST(p*P |14 ®0")

Pep(ptB;8) cB€6(Hp)
(12)
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where

b(p;6) :={o:0>0, Tr[o] <1, F*(p,0) > 1 — 6}
13)

and

p(p;0):={P:0< P <1, Tr[Pp] >1-6}. (14)
[Note that, in (13), the definition of fidelity (3) has been
naturally extended to subnormalized density operators.] Such
smoothed quantities are needed in order to allow for a finite
accuracy (i.e., nonzero error) in the protocol, which is a nat-
ural requirement in the one-shot regime. Their properties are
discussed in detail in Section VI-B.

III. THE PROTOCOL: ENTANGLEMENT TRANSMISSION

As mentioned in the Introduction, we consider the protocol
of entanglement transmission [6]: Given a quantum channel
b : B(Ha) — B(Hp), let Has be an m-dimensional sub-
space of its input Hilbert space, and let € be a fixed positive
constant. Alice prepares a maximally entangled state |}/ M )€
Har @ Har, where Hpy =~ Hpy, and sends the part M through
the channel ® to Bob. Bob is allowed to do any decoding oper-
ation (CPTP map) on the state that he receives. The final objec-
tive is for Alice and Bob to end up with a shared state which is
nearly maximally entangled over H;» ® Hay, its overlap with
|WM'MY being at least (1 — ¢). There is no classical commu-
nication possible between Alice and Bob. Within this scenario,
for any positive integer m, the efficiency of the channel ¢ in
transmitting entanglement, is given in terms of the fidelity de-
fined here.

Definition 1 (Entanglement Transmission Fidelity): Let a
channel ® : B(H 4) — B(Hp) be given. For any given positive
integer m < dim H 4, we define the entanglement transmission
fidelity of @ as

Fent(q); m)

= max
Hp CHA
dim Hp=m

(id® Do ®)
(e

’
max <\I/,A,/l[ M
D

15)

where D : B(Hp) — B(H.) is a decoding CPTP-map. O
We can now define an achievable rate as follows.

Definition 2 (e-Achievable Rate): Given a channel
® : B(Ha) — B(Hp) and a real number ¢ > 0, any
R =logm, m € N, is an e-achievable rate, if

Font(®;m) > 1 —e.

O

This leads to the definition of the one-shot capacity of entan-
glement transmission.
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Definition 3 (One-Shot Capacity): Given a quantum channel
® : B(H4) — B(Hp) and a real number € > 0, the one-shot
capacity of entanglement transmission of ® is defined as

Qent(P;€) := max{R : R is e—achievable}.

O

IV. MAIN RESULT: ONE-SHOT ENTANGLEMENT TRANSMISSION
CAPACITY

Given a Hilbert space H4 with d := dimH 4, let Hi be
isomorphic to H 4, and fix a basis {|i®)}¢_, for Hp. Then, for
any given subspace S C H 4 of dimension s, we construct the
maximally entangled state of rank s in Hr ® H 4 as

RA ,_i - ‘R
L% >-—ﬁ;|z ) ® (16)

)

where {|c/*)}5_; is an orthonormal basis of S. Now, given a
channel ® : B(H,) — B(Hp),let Vil : Hy — Hp @ HE be
a Stinespring isometry realizing the channel ® as

B(p) = Tep[VapVy

for any p € G(H 4). For any subspace S C H 4, from (16), we
define the tripartite pure state

|QEPEY .= (1p @ Vg') [WEY) (17
We then define w%8 := Trg[QEPF] and wEF := Trp[QEBE]
to be its reduced states. Our main result is stated in Theorem 1
below.

Theorem 1: For any € > 0, the one-shot capacity of entan-
glement transmission for a quantum channel ® : B(H4) —
B(HB), Qent(P;€), satisfies the following bounds:

max

c RB 1 e
1075/8(w3 )—i—log -+ —|—-A

SCHa d 4
S Qent(cb;g)
TC RB
< Sngl"%ji 10,2\/5 (Ws ) (18)
where d := dimM.4, I§_(w§”) and fg_z\/g(wfsw) are the

smoothed 0-coherent informations defined, respectively, by (11)
and (12), and 0 < A < 1 is included to ensure that the lower
bound is equal to the logarithm of a positive integer. O

Remark: Given a positive real x, for x — A to be the logarithm
of a positive integer, we must have A = A(z) := = — log|2”],
where |y| denotes the largest integer less than or equal to y. It
can be shown that 0 < A(z) < 1 for all x > 0, and that A(z)
decreases rapidly as x increases.

V. ONE-SHOT QUANTUM CAPACITY

It is interesting to compare the entanglement transmission fi-
delity of a quantum channel with the minimum output fidelity
defined below.
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Definition 4 (Minimum Output Fidelity): Let a channel ¢ :
B(H.4) — B(Hp) be given. For any given positive integer m,
we define the minimum output fidelity of ® as

Finin(®;m) := (81(D o @)(9)4)

max max min

HarCH 4 D |¢)€HM
dim H py=m

where D : B(Hp) — B(H.4) is a decoding CPTP-map. O

Remark: Note that Definitions 1 and 4 include an optimiza-
tion over all decoding operations. Hence, they provide a mea-
sure of how well the effect of the noise in the channel can be
corrected. This is in contrast to the definitions of fidelities used
in [23], [24] which provide a measure of the “distance” of a
given channel from the trivial (identity) channel.

The minimum output fidelity is related to the entanglement
transmission fidelity through the following lemma [23], [24].

Lemma 5 (Pruning Lemma): Let a channel ® : B(Hy4) +—
B(Hp) be given. Then, for any positive integer m

Fonin (©371/2) > 1= 2[1 — Fone(®;m)].

O

Analogously to what we did for the entanglement transmis-
sion fidelity, one could also define the one-shot capacity with
respect to the fidelity F,;, as follows:

Qmin(P;€) := max{logm : Fpuin(®;m) >1—-¢}.  (19)

Remark: Note that quantum capacity is traditionally defined
with respect to the minimum output fidelity F,,;, [5]. Hence,
we define Q) min(P; €) to be the one-shot quantum capacity of a
channel ®, for any ¢ > 0.

The following corollary, derived from Lemma 5, allows
us to relate the one-shot entanglement transmission capacity
Qent (P; €) to the one-shot quantum capacity.

Corollary 1: Given a quantum channel ®:B(H 4) — B (Hp)
and a real number ¢ > 0

Qent(¢;€) -1 S Qmin(Q; 28) S Qent(¢;4€)'

O
Proof: The lower bound follows directly from the Pruning
Lemma. To prove the upper bound we resort to another fre-
quently used fidelity, namely, the average fidelity
max [ 46 (61D o )O)I9)

max
HyCH A
dim Hj=m

Favg(®;m) :=

where d¢ is the normalized unitarily invariant measure over
pure states in Hyy, and D : B(Hp) — B(Ha4) is a decoding
CPTP-map.

In [25] and [34], the relation of the above fidelity to the en-
tanglement transmission fidelity was shown to be given by

m - Fent((b;m) + 1

Py (031m) = T
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while clearly, by definition Fin(®;m) < F,ye(®;m). Hence,
if Fruin(®;m) > 1 — £, then

(m+1)(1—¢)—1

1
mAls o

Fent((P; m) Z

=1-

Note that, due to Corollary 1, Theorem 1 provides bounds on
the one-shot quantum capacity of a channel as well.

VI. TooLs USED IN THE PROOF

The proof of Theorem 1 relies on the properties of various
entropic quantities derived from the relative quasi-entropies de-
fined in Section II-B.

A. Quantum Entropies

Let us first consider the relative Rényi entropy of order «,
which as mentioned before, is obtained from the quasi-entropy
(8) by setting P = 1. (In the following, when P = 1, we will
drop the exponent in writing relative Rényi entropies, for sake
of notational simplicity.) It is known that

$i(pllo) i= lim Salpll7) = S(pll0)
where S(p || o) is the usual quantum relative entropy defined as

Splle)

Tr[plog p — ploga], if supp p C supp o

= . (20)
400, otherwise.

From this, one derives the von Neumann entropy S(p) of a state
pas S(p) = —S(p || 1). We make use of the following lemma
in the sequel.

Lemma 6: Given a state p*? € Hy ® Hp, let p? =
Trp[p*®B]and pB := Tr4[p*B]. Then, for any operator c* > 0
with suppa? D suppp?,

: S AB A B :S AB A B‘
i ("7 le” ®@€7)=S(p"" le” @ p7)

This implies, in particular, that, for any state pAB
min S(p*P |14 ® £%) = S(p*P || 14 ® p7)
£8>0
and
min S(p*? |ot @) = 5(p*P || pt @ p”). O @D

wA €8>0

Proof: Here we only prove (21). The rest of the lemma can
be proved exactly along the same lines. By definition, we have
that

S(p*P o @ €7) = Te[p"P log p* ]
TP log(w? @ 7).
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Since log(w? @ ¢B) = (logw?) @ 1+ 14 ® (log £B), we can
rewrite

S(p*? |wt @ €7) = Tr[p™F log p7]
—Tr[p? logw?] — Tr[p® log £5].

Now, since for all p and o
0 < S(pllo) = Tr[plog p] — Tr[plog o]
we have that
Tr[plog p] > Tr[plog o]
which implies that

S(p 1 || @ €)
> Tr[p™P log p*P] — Tr[p* log p*]
— Tr[p” log p”]
=S | " @ p").

Recently, a generalized relative entropy, namely the max-rel-
ative entropy D ,.x, Was introduced in [19]. For a state p and an
operator o > 0

Dax(p || o) : = logmin{A: p < Ao}
= log /\max((f*l/QpU*l/Q)

Amax(X) denoting the maximum eigenvalue of the operator
X. Even though for commuting p and o Dpax(p|lo) =
lim, 00 Sa(p || o), this identity does not hold in general [20].
We can however easily prove the following property.

Lemma 7: For any p,o > 0 with Tr[p] < 1, we have

Sa(pllo) < Dmax(pllo)-

O

Proof: By definition, 2%:(l2) = Tr[p?6~']. By
noticing that, for any Hermitian operator X and any sub-
normalized state p, Tr[pX] < Anax(X), we obtain that
Tr[p?o 1] = Tr[p(p"/?01p'/?)] < Amax(p'/?0~1p1/?) =
Amax (072 po=1/2) = 2Pmax(p 1) wwhere, in the last passage,
we used the fact that /\max(ATA) = /\max(AAT). []

Given an a-relative Rényi entropy S, (p|| o), for a bipartite
p = pAB, we define the corresponding a-conditional entropy
as

Ho(p*P0P) = =Sa(p*P || 14 ® o) (22)
and
Ho(p"B|B): = H,(pAB| B
(™71 B) L (™" 1e”)
=— min S,(p*?|1la®s"). 23
Lol (P [ 1a®0c”). (23)
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For a bipartite state p*? € G(Ha ® Hp), the conditional
min-entropy of p2 given Hp, denoted by H,,;, (p*? | B) and
introduced by Renner [18], is relevant for the proof of our main
result. It is obtainable from the max-relative entropy as follows:

min

. AB —
Hmm(p |B) T UBGG(HB)

Dmax(pAB || ]lA ® UB)~

Further, from the quantum relative entropy (20), we define the
quantum conditional entropy as

H(p"?|B) =~ S(p*P 14 @ aP)

min
cBeEG(HR)

which, by Lemma 6, satisfies H(pA2 | B) = H(p*B | pP) =
S(pAB) — S(p®). Finally, given a bipartite state pZ, its co-
herent information 7¢(p4%) is defined as

1°(p*P) == —H(p*P | B) = S(p") = $(p"7)  (24)
and, by analogy

I5(p*P) = —Ha(p"" | B)

for any « € [0, 00). Clearly, I{(p*P) = I¢(p*B).

B. Smoothed Entropies

As first noticed by Renner [18], in order to allow for a fi-
nite accuracy in one-shot protocols, it is necessary to intro-
duce smoothed entropies. We consider two different classes of
smoothed entropies, namely the state-smoothed and the oper-
ator-smoothed entropies. The former was introduced by Renner
[18], while the latter arises naturally from the consideration of
quasi-entropies.

1) State-Smoothed Quantum Entropies: For any bipartite
state p*B € &(H4 ® Hp), smoothed conditional entropies
H?. (p*P|B) and HS(p*B | B) are defined for any ¢ > 0 as

min

5 AB o  /-AB
Hmm( |B) T pABen;,l(a;,)i\B;(g)Hmln(p |B)
HG(p"P | B) = Ho(p*" | B)

min
f)/\lfeb(p/\li;é)

where b(p“2; §) is the set defined in (13). For a bipartite pZ,
the smoothed a-conditional entropies HS (p*B | B) are then de-
fined, using (22) and (23), as follows:

Hy (0" | B)
. {minl—),meb(p/m;é) Ha(ﬁAB | B)7 for0<a<1

MAaX;ABcp(pAB;5) Ha(ﬁAB |B)/ forl < a (25)
and the corresponding smoothed a-coherent information is de-
fined as

I(cy,é(ﬂAB)

—H(p*? | B). (26)

For o = 0, this is identical to (11).
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2) Operator-Smoothed Quasi-Entropies: Given p,a > 0
and an operator 0 < P < 1, let us consider the quantity

Y5 (pllo) :=log Tr[V'Pp*VPo' =],
Note that 92 (p||o) is well-defined as long as o'~ and

V/Pp®/P do not have orthogonal supports. In the following,
we shall assume this to be true.

a > 0.

Lemma 8: Forany p,o > 0,andany 0 < P < 1, the function
a—L(plo)

is convex for o > 0. O

Proof: Let p = 3, ak|lvi) (7| and o = 32, bl Bi)(Bil-
Then

a
p||a log2|ckl| bl< k)

where |ci|? := |(v&|V/P|6)|?. By direct inspection then

@1/15(9 o) = pr(log ax —log br)

K,

where py; is the probability distribution defined as

Pkl
ler|?agh; =
Zk’ NG e ]? ak'bl o
and
d2
1/1P (pllo)
= Zpkl log ay, — log bl)2
k,l
2
Zpkl(log ap — log bl)
k,l
> 0.

Due to the positivity of its second derivative hence, the function
a— PP (p| o) is convex. [ ]

Note that the quantum relative quasi-entropy of order
a,SE(p|| o), can be equivalently written as

YE(pllo)

a—1

SE(pllo) = 27)

It satisfies the following property.
Lemma 9: Forany p,o > 0,andany 0 < P < 1, ST (p|| o)

is monotonically increasing in c. O
Proof: Due to convexity of 1/ (p|| o), the function
Yo (pllo) =i (pllo)
a—1

is monotonically increasing in «. Let us write, for our
convenience, f(a) := YP(p|lo) — ¥f(p|lo), and,
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since ¥7 (p|lo) = logTe[VPpV/P 1I,] < 0, let us put

—c = ¥ (p|lo) < 0. Then, from monotonicity of &tc,
T —
we know that
)< F@E=1) = (@) +0)

N (z —1)?

@) =1~ )

N (z —1)? '
Since the second line is nothing but the derivative of (27), we
proved the monotonicity of SZ(p || o). ]

Let us now compute S¥(p|lo) := lim,—1 ST (p|lo): by

I’Hbpital’s rule
lim ST (| )
d p
- mvEelo)|
Tr [\/]_:’p log pv/PIl, — v/ Ppy/Plog 0}
= . (28
TPy P IL] )

This leads to the definition of the corresponding smoothed co-
herent information

ff,é(PAB) =

—(p*? | B) (29)

where
H;(p*" | B)

= min max

—SP AB ]1 B )
PEP(PAB;S)UBGG(HB)[ ! (p ” a®e )]

Analogously, for any bipartite state pAB and any 6 > 0, the
quantity Ig s (p™B), given by (12), is referred to as the operator-
smoothed 0O-coherent information. It is equivalently expressed

= Il max
Pep(p AB5) 0B EG(Hp)

(30)

The relation between I ;(p*7) defined in (12) and I{ ( B)
defined in (29) is pr0v1ded by the following lemma.

Lemma 10: For any p*B € &(H4 ® Hg) and any § > 0,

ig,é(PAB) < ff,&(PAB)- O
Proof: Let P €  p(p*B;8) be the operator
achieving I§ ,(p*P), and let &” be the state achieving

min,s SE(p AB |14 ® oP). Then

I 5(pP) > ST (p4P || 14 @ 67)
> S5 (0" | 1 @ 57)
So (p*P 114 ® 0 ®)

> min
oBE6S(Hp)

=I5 5(p*P) 31)

log Tr [\/?HPM VP (14 ® JB)} .
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where in the second line we used Lemma 9. [ |

VII. PROOF OF THEOREM 1

A. Proof of the Lower Bound in Theorem 1

The lower bound on the one-shot entanglement transmission
capacity Qent(®;¢), for any fixed value £ > 0 of accuracy, is
obtained by exploiting a lower bound on the entanglement trans-
mission fidelity, which is derived below by the random coding
method.

1) Lower Bound on Entanglement Transmission Fidelity:
The lower bound on the entanglement transmission fidelity is
given by the following lemma.

Lemma 11: Given a channel ® : B(H4) — B(Hp) and
an s-dimensional subspace S C Hy4, consider the channel
Q|5 : B(S) — B(Hp) obtained by restricting ® onto S, i.e.,
D|s(p) := ®(Isplls) for any p € B(H 4 ), where I1s denotes
the projector onto S. Then, for any 6 > 0 and any positive
integer m < s,

c E 1
Fem(@|3;m) >1—46 — \/m {212,5(“’? ) _ _} (32)
s

) is given by (26) for o = 2. O

c RE
where 15 s(wg

Remark: From the theory of quantum error correction
[12], it is known that, for a channel noiseless on S, wRE s
defined by (17) is a factorized state. Moreover, in our
case, w® = TrpwkF] sTESE 1Y (i|®. As shown
in [11] by direct inspection, these two conditions imply that
Hmin(ng |E) = log s. On the other hand, from (23), it follows
that Hy(wE¥|E) = log s. These two calculations, together with
the fact that Huin(WEEF|E) < Hy(wBF|E) < Ho(wEE|E),
see [19], lead us to conclude that also Hy(wZF|E) = logs,
ie., IS(wBF) = —logs. Therefore, for any channel acting
noiselessly in S, Font(®|s;m) = 1 for all m < s, as expected.

Proof of Lemma 11: Fix the value of the positive integer
m < s. Then, starting from the pure state |2EBF) given by
(17), let us define

[OFBE) = |2 (PEUR © 15 © 15) [04PF)

where U, gR is a unitary representation of the element g of the
group SU(s), and let

AT

the vectors |if), i = 1,...,s, being the same as in (16). The
reduced state Trp[QF5; 2 ] w111 be denoted as w/*¥ (and analo-
gously the others). Notice that, by construction

R
R R . Pm
m —.

The lower bound (32) would follow if there exists a subspace
Har C S of dimension m which is transmitted with fidelity
greater or equal to the right-hand side (RHS) of (32). One way
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to prove the existence of such a subspace is to show that the
group-averaged fidelity, F(S, m) (defined below), is larger than
that value

F(S,m):= / dg max F* ((idr ® Dp) (wary)  Yig)  (33)
where |UR4A) .= | /E(PRUEF @ 1,)|¥54), which is a MES
of rank m due to (2). It is hence sufficient to compute a lower
bound to F(S,m).

Using Lemma 4, we have

®wflyg).

mg?m

F(S,m) > /dg F? (wiB o]
Further, using F%(p, ) > 1 — ||p — o]|1, we have that
F(S,m)>1- /dg ||w,}3£ —rR ®w,§th1.

Now, for any fixed § > 0, let ¥ € b(wEE; 6). Let us, more-
RE .= s (PRUF © 15)0"P(PRUF @ 15)1.

over, define w,," =
By the triangle inequality, we have that

RE
m.g

< lomy — m @@l

+ [lwmrg = ‘REH1

+ ||T713 ® wm,g - Tm ® wfw,g“l
< o’

+2||wﬁ5 -w

R E
— Ty QW

e moals

—Th® @El,gH1

ol

which, in turns, implies that

F(S,m)>1-— /dg ||‘Dﬁi ~ T ®‘Df¢,g”1

—2/dg“wﬁg

for any choice of @' in b(w&¥; §). Now, thanks to [9, Lemma
3.2] and (4), we know that

[ aallor

which leads us to the estimate

Smally

—mglly < |0 —ws®ll, <28

F(S,m)>1 —45—/(19“5125 —7&@@5’9”1.

We are, hence, left with estimating the last group average.

In order to do so, we exploit a technique used by Renner [18]
and Berta [26]: by applying Lemma 3, for any given state o*
invertible on supp @, we obtain the estimate

[@nmg = T ® @I
<mTr[( ﬁEg—TR@(Df%g) Aﬁg]
_memg_T ®p ,g||2
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(PR ® o)1 ?(wEE — rR @ wE (PR ®

\/ Tr[X T X] denotes the Hilbert-Schmidt

)—1/4

where

)TV Xy =
norm, and

RE ._
ARE .

~RE

—1/4
PRE = / oRE (PR®0E

m,g m

= (PTJZz ® UE)

and, correspondingly, ﬁfh g = Trr[ph" g]
(UE)—1/4@5’!](UE)—1/4' It is easy to check that

(e e [

VT, we

oty =7 @ ol =

Further, using the concavity of the function f(z) =
have

F(S,m)>1-46

_\/{m/dg [z —/dg ||ﬁ£,g||§}. (34)

Standard calculations, similar to those reported in [9] and
[26], lead to

/@Wﬁm
S s — S ms — -
e L
and '
~ 2
/wwwm
S ms S S — -
=5527||0EH2 el [ ¥
where

p~RE — (]IR ® UE)71/4LDRE(]1R ® UE)71/4

and p& := Trg[pB¥]. By simple manipulations, we arrive at

K A KT

s2(m? =1) [ .
e R 4 Y
Since m < s,
s*(m?*—1)  1— 5 <
m(s?2—1) _ml—s% =1

so that (34) can be rewritten as

_ . 1 .
F(S,m) > 146 \/m{npREn% - S1713

for any ch01ce of the states 0*F € b(wE¥; §) and ¥ invertible
on supp @F
Now, notice that
”pREHZ < 952 (@™ H]IR@gE).
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This inequality easily follows from (5), i.e.

Tr[(w_1/4pw_1/4)2] — Tr[w—l/pr—l/Qp]
< Tr[pPw Y = 952(pllw)

Moreover, from Lemma 3, ||57]|3 > 1. Thus

_ _ 1
F(S,m)>1—46— \/m{252(WRE [ 1e@or) _ _}

S

for any choice of states w?F € b(wEF;¢) and o, the latter
strictly positive on supp @®. In order to tighten the bound, we
first optlmlze (i.e. m1n1mlze) So(@PF || 1g ® oF) over oF for
any wfF, obtaining IS(0F). We further optimize (i.e., mini-
mize) I. C( RE) over *F € b(wBE;§), eventually obtaining
15 (7). C

2) Proof of the Lower Bound in (18): By Lemma 11, we have
what follows.

Corollary 2: Given a channel ® : B(H4) — B(Hp), an
s-dimensional subspace S C H_4, and any ¢ € [0,£/4], a non-
negative real number R = logm, m € N, is an e-achievable
rate for entanglement transmission through @ | s if

48 + \/m {215,5(“)?”) _ l} <e.
s
O

In particular, since s < d := dim 'H 4, a positive real number
R = logm is an e-achievable rate for ®|s if, for any § €
[0,e/4],

215,5(w5") < é + (e — 46)°

or, equivalently, if

1
logm < log [E + (e — 46)2} — 15 (wEF).

This, together with (26), implies the following lower bound
to the one-shot capacity of entanglement transmission through
| s, forany § € [0,e/4]:

1
Qent((I) | S;g) Z IOg |:E

+ (e - 45)2} + H} (w§F | B) — A
where A < 1 is a positive quantity included to make the RHS
of the above inequality equal to the logarithm of a positive in-
teger (see the Remark after Theorem 1). This in turn implies the
following lower bound to the one-shot capacity of entanglement
transmission through ®:

1
Qent (D) > log {8 + (e — 45)2} +$Hg1%1): Hg (w§E|E’) —

1455

As a consequence of Lemma 7, we have

ant((b;g)
> log [% + (e — 45)2]
RE _
+ dnax HY., (wdF | E)

min (

> log B + (e — 45)2]

—i—maxH §E|w£)—A

min (

where

F) .
H .. ( min

£ 1uf) = -
GREEb(whY 8) Dinax (07F | 1g@aE)

for
of = Trp[@®F].

In [26], it is proved that Hy,in(pA2 | pP) = —Ho(p2¢ | O),
if pAB and pAC are both reduced states of the same tripar-
tite pure state. This fact, together with arguments analogous to
those used in [21] to prove Lemma 3 there, leads to the iden-
tity Hypy (w8 |w§) = —H{(w§” | B), implying, via (26),
the desired lower bound to the one-shot capacity of entangle-
ment transmission

1
Qent(P;€) > log [E + (e — 45)2} + Snglg)i,_(XA I5 s (wgB) —A
(35)

for any 6 € [0,e/4], and, in particular, for 6 = ¢/8.

B. Proof of the Upper Bound in Theorem 1

In this section, we prove the upper bound

Qent(P;¢) < nclax IO 2\/_( wiB)

where I¢ 2\/5(@?3) is defined in (30).
We start by proving the following monotonicity relation.

Lemma 12 (Quantum Data-Processing Inequality): For any
bipartite state pZ, any channel ® : B + C, and any 6 > 0,
we have

O
Proof: Let P € p((id ® AB):§) and 5 be the pair
achieving H$((id @ ®)(p*?2) | C) that is

Hy((id @ @)(p™*") [ ©)
= IOgTI‘ [\/Fﬂ(id®q>)(p/\3)\/]_j(]l/4 ® 5C)i| .
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Consider now the operator

Q= (idy ® %) (\/ﬁn(id@@)(pzua)\/ﬁ)

where ®* : C' — B denotes the identity-preserving adjoint
map associated with the trace-preserving map ® : B — C. It
clearly satisfies 0 < @ < 1. Let us now put, for sake of clarity,
7A€ = (id ® ®)(pAP). Then

Tr[Q p*P]
= TI‘[(\/_H AC‘W) AC]
=1+ Tr[Il ac (VPYACVP — 449)]
> 1+ Tr[{VPyACVP < 44¢)
x (VPyACVP — 449)]

where in the last line we used Lemma 1. Due to Gentle Mea-
surement Lemma 2, we have that

IVPyACVP — 449y < 2V6
which, together with the formula ||A — B|; = Tr[{4 >
B}(A — B)] - Tr[{A < B}(A — B)], implies
Tr[{VPyACVP < ALV PAACVP — 449)] > —2V6.

This leads to the estimate

2V/6.

In other words, @ € p(p*P;2V/6). Now, let 7° be the state

achieving max, s e (7¢,,) 10g Tr[v/QIL,45 /@ (14 ® 0 7)]. We
then have the following chain of inequalities:

Tr[Q p*P] > 1~

Hi((id ® 2)(p*?)|C)
= log Tr [\/ﬁn(id@@)(p/\fa)\/ﬁ(ﬂA ® 50)]
> log Tr [\/ﬁn(id@)@)(pAB)\/ﬁ(]lA ® q)(ﬁB))}
=log Tr[Q (14 ® 67)]
> log Tr[/QIl a5 /Q (14 ® 57))]
— B
= JB.IEnG%);{B)logTr[\/@HPAB VQ (14 @ 0P)]
> H2V*(p*% | B).

The statement of the Lemma is finally obtained by (30). O
With Lemma 12 in hand, it is now easy, by the following stan-
dard arguments, to prove the upper bound in Theorem 1.

In fact, suppose now that Ry is the maximum of all e-achiev-
able rates, i.e., Ry = Qont(®;¢). By Definition 2, the integer
s := 280 jg such that

Font(®58) > 1 —e.

This is equivalent to saying that there exists an s-dimensional
subspace S C H 4 such that

mng?((idR ®Dp) (wEP) , UEYY >1-¢

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 3, MARCH 2010

or, equivalently, that there exists a decoding operation
D : B(Hp) + B(H.4) such that UE4 = | WERAYQGRA| ¢
p((idg ® Dp)(wEB);e). Then, by exploiting Lemma 12, we
have that

7C RB
I52yz (ws7)
> Io -((idgr ® Dp) (wg?)
— max log Tr [\IIS W ia b ozm VA (I © UA)}

A(]IR ® O'A)] .

\%

v

R
— I{'l’(}\X log Tr [\IJS

The claim is finally proved by noticing that the last
line in the equation above equals I§(UE4) so that
Is 2\/_( BY > I§(VEA) = logs = Ry = Qent(®P; ).

VIII. QUANTUM CAPACITY OF A SEQUENCE OF CHANNELS

Let {H$"}° ; and {H'5"}22, be two sequences of Hilbert
spaces, and let ¢ := {®,,}22 ; be a sequence of quantum chan-
nels such that, for each n

®,: B ('H%n) — B ('H%n) .

For any given ¢ > 0 and any fixed finite n, the one-shot
quantum capacity of ®,,, with respect to the fidelity F,, where
x € {ent,min}, is given by Q,(®P,;e). However, since @,
itself could be the CPTP-map describing n uses of an arbitrary
channel, possibly with memory, it is meaningful to introduce
the quantity

Q. (@0:0)

which can be interpreted as the capacity per use of the channel.
This quantity is of relevance in all practical situations because,
instead of considering an asymptotically large number of uses
of the channel, it is more realistic to consider using a channel
a large but finite number of times, in order to achieve reliable
transmission of quantum information. Theorem 1 provides the
following bounds on this quantity:

1 1 &2 A
— IS ( Ran> 1 cl_=
n sersn O/t Sl PO B
_Qent(q)n;g)
1
L e ()
where wg’”B” = Trg [QR”B"E”] the pure state |QR”B”E">

being defined through (17) Note that the second and third terms
in the lower bound decrease rapidly as n increases, resulting
in sharp bounds on the capacity for entanglement transmission
per use, even for finite n. Moreover, due to Corollary 1, the
difference between Qent (Pr;€)/n and Q min(Pr; €)/n also de-
creases as 7 increases.

If the sequence is infinite, we define the corresponding
asymptotic capacity of the channel ® as

Q>°(®) := lim lim inf 1Qm( D).

e—0 n—oo N
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Due to the equivalence relations stated in Corollary 1, we see
that the different fidelities yield the same asymptotic quantum
capacity, so that

(D) = Q%L (D) = Q(D). (36)

A. Multiple Uses of a Memoryless Channel

Here, we prove that the asymptotic quantum capacity of a
memoryless channel, sometimes referred to as the “LSD The-
orem” [3]-[5], can be obtained from Theorem 1. For a memory-
less channel, the sequence d is given by {®®"}°2 . and hence
its capacity can simply be labelled by ®. The LSD Theorem,
strictly speaking, gives an expression for Q5. (®), whereas
our method gives an expression for Q22, (®). However, by (36),
these expressions are equivalent.

Here, we prove the following theorem, which can be seen as
an alternative formulation of the LSD theorem.

Theorem 2 (Memoryless Channels): For a memoryless
channel @ : B(H4) — B(Hp)

1
Q™ (®) = lim — max [°(S,®%")
n—oo 7, SgHﬁ’”

(37)
where 1°(S, ®) denotes the coherent information of the channel
® with respect to an input subspace S, and is defined through
(24) as follows:

I°(S, @) == I° (w2?)

where w&P is the reduced state of the pure state |2Z5F) defined
in (17). O
Notice that in (37) liminf has been replaced by lim, since the
limit exists [28].

1) Direct Part of Theorem 2: Here we prove that

1
Q=(®) > lim — max I°(S,®%").
n—oo N, SgHgn

From Theorem 1

e—0n—oon dnr 4

2
Q(®) > lim lim 1 {log [i + E—} - A

+ max Ig’g/g (w?”B”) .
SgHﬁn

The first two terms clearly vanish. We are hence left with the

evaluation of the third term. First of all, we recall that [see ar-
guments before (35)]

c R, B, c/8 R, E, E,

1075/8 (ws ) N (ws wg )

min

This implies that

1
Q>(®) > lim lim — max HE/® (wg'"E"

e—0n—oo N SCH§11 min

w?)
(@5)™").

. . 1 8 ®Xn
> lim lim — max HE/ ((wg'E)
e—=0n—oo N SCHAa min
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As shown in [18], we have

| 8 ®n
lim lim — max H;/m ((ng)
e—=0n—oon SCHa

= max H(w§E|w£)

i [ 1 (o)

(w8)")

where in the last line we used the fact that I¢(wfB) =
—I¢(wEF), since QEBF is pure. Therefore

Q=(2) 2 max I%(5,9).
As in [28], we can then achieve the RHS of (37) by the usual
blocking argument.
2) Weak Converse of Theorem 2: In order to obtain the upper
bound, it suffices to evaluate the asymptotic behavior of the
upper bound on Q°°(®) which, by Theorem 1, is given by

1
Q<(?) < lim lim — max 18’2\/2 (w?”B").

(38)
e=0n—oo 1 SCHE"

The following two lemmas are essential for the evaluation
of this bound, and are also of independent interest. The first
one relates S{’(p| o) to the quantum relative entropy S(p| o),
while the second one relates the operator-smoothed O-coherent
information to the usual coherent information.

Lemma 13: Consider two states p, 0 € G(H), with suppp C
suppo, and a positive operator 0 < P < 1 suchthat P € p(p; )
for some given § > 0. Then we have

VPpVP| o)+ 26 logd + 2
1-4¢

st(plo) < X (9)
where § := 21/, and d := dim H. O

Proof: The main ingredients of the proof of this lemma
are the monotonicity property of the operator-smoothed condi-
tional entropy (Lemma 10), the matrix convexity of the function
tlogt, and the Fannes’ inequality. From (28), we have

ST (o)
Tr [\/FP log pv/P 11, — V/Pp\/Plog 0}
Tr[v/PpyV/P 11,]

Tr[plog p] — Tr[(1 = P')(plog p)] = Tr[V'Ppv/Plog o]
Tr[P'p]

(40)
where, for our convenience, we have put P’ := \/?HU VP.
Since P € p(p; ), due to Lemma 2

I T
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where 8" := 2v/6. Obviously 0 < P’ < 1. Using (41), the fact
that 1 > II, > II,, and the cyclicity of the trace, we have

Te[P'p] = Tr[V PI, VP p]

> Tr[Hp\/Fp\/ﬁ]
=To{Il, p] = T [11,(p — VPoV'P)]
>1-6. (42)

Hence, P’ € p(p;8").
Since ¢ logt is a matrix convex function, it is known that
~Te[K T (plog p) K] < —~Te[(K T pK) log (KT p )]
for any contraction K, [29]. Let K = Kt = v 1 — P’. Then
Tr[(1 - P')(—plogp)] < S(p)
where p is the subnormalized density matrix defined as p :=
V11— P'py/1— P’ Ttis clear that, since P’ € p(p; '), Tr[p]

8’. Moreover, by simple algebra, S(p) < 6'logd + 1. This
implies that

IN

ST (p|l o)
< Tr[plog p] — Tr[v/Ppyv/Plogo] + & logd + 1
- 1-¢ '

(43)

By (41) and Fannes’ continuity property of the von Neumann
entropy [30], we have that

Tr[plog p]
< Te[V/PpVPlog(vVPpVP)| + 6" logd + 1
which in turn yields (39). [ |

Lemma 14: For any bipartite state pA? € G(H4®Hp), and
any given 6 > 0, we have

I°(p"P)
1=

4(5’ log(dAdB) + 1)
1-06

I§5(p*P) < (44)

where d4 := dim Hy4, dg := dim Hp, and §’ := 2V/6. O
Proof: By Lemma 10 we have

TC A TC A

Io,s(ﬂ B) < 1,5(P B)
_ : P/ AB A B
—Pe;?;g;;é)rggn& (Pl ®a”)

—logdy 45)

where 74 := 1,4/d, namely, the completely mixed state. In
the above, we have made use of the following identity, which
is easily obtained from (28): for two states p and o, and any
constant ¢ > 0, ST (p||co) = SF(p|| o) —log c. Using Lemma
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13, and the analogous identity, S(p || co) = S(p || o) —log ¢, we
have: for & = 2/6

ST (PP |74 @ o®)
S(VPpAB\/P || 74 @ 0B) 4 26" log(dadg) + 2

<
- 1-—¢6
_ S(WPpABVP || 1" @ 0P) + 28 log(dadp) + 2
B 1—¢
+ L logd (46)
1—g Bt
Then by (45), (46), and Lemma 6, we obtain
= B IC(\/]_:’,(JAB\/]_:’) 26" log(dadp) + 2
Io,(s(/) ) < 7 7
1-6 1-6
6/

Finally, applying Fannes’ inequality to each of the terms on
the RHS of the identity I¢(w??) = S(w?) — S(wAB), where
wAB = \/PpAB\/P, and wP := Tr wB, we obtain (44). m

From (38) and Lemma 14 we obtain

oo - 1 c R, B,
Q°(®) < lim — max [ (‘*’5 )

1
= lim — max I°S,®%")
n—oo n SQHE%H

as claimed.

B. Multiple Uses of an Arbitrary Channel

To evaluate the quantum capacity of an arbitrary sequence
of channels, we employ the well-known Quantum Information
Spectrum Method [13], [31]-[33], [14]. Two fundamental quan-
tities used in this approach are the quantum spectral sup- and
inf-divergence rates, defined as follows.

Definition 5 (Spectral Divergence Rates): Given a sequence
of states p = {pn}52; and a sequence of positive operators
6 = {0, }52 1, the quantum spectral sup- (inf-)divergence rates
are defined in terms of the difference operators IL,,(y) = p. —
2™ g, as

D(p||6) := inf {’y : lim sup

< TH{IL,() = O}TL,(7)] = o} 48)

D(p||o) :=sup {'y : lim inf

n—oo

X Trl{Ia(7) > 0HIL,(] =1} @9)

respectively. O
It is known that (see, e.g., [15])

D(pll6) = D(p||6). (50)
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In analogy with the usual definition of the coherent informa-
tion (24), we moreover define the spectral sup- and inf-coherent
information rates, respectively, as follows:

I*(p™P) := min D("P || 1p © 67), (51)

I°(p"P) := min D(p"P || 1 @ 67) (52)
where pRB = {pf-Br € S(HF" ® HY")}oL,, 68 =
{oBr € G(Hwn)}n Land 1 == {1g, 152 . Inequality (50)
ensures that

I°(p1P) > I°(p"P). (53)
Note that in (51) and (52) we could write minimum instead of
infimum due to Lemma 1 in [14]. The same remark applies also
to the following.
_ Theorem 3 (Arbitrary Channels): The quantum capacity of
 is given by

Q*(®) = max I (0F")

s s
where § = {S, : S, C H%"}>2,, and @gB =
{ngB”}n 1, with wR”B" = Trg, [Qg:B"E"], the pure
state |Q§7’;B »En) being defined through (19). O

The above theorem follows directly from Theorem 1 and
Lemma 15 and Lemma 16 given below.

Lemma 15 (Direct Part): Given a sequence of bipartite states

ﬁRB

lim lim inf
§—0 n—oo

Bell1g, ® o)

X max min — SO(
P b (pnn i) oy M

> min D(P | ip @ 67).
O
Proof: This follows directly from [19, Theorem 3]. [ |

Lemma 16 (Weak Converse): Given a sequence of bipartite
states piB

lim lim inf
6—0 n—oo
. leop. ( R.B B
X max min —S5)" (pp" " || 1g, @ 0, "
rcsren o (en” )
< min D(p*8 5B).
&B

O
Proof: The proof is by reductio ad absurdum: we will as-
sume that

lim lim inf
6—0 m—oo
1
X max min S&m (pf 2B 1k, ®Uf")
P,ep(pinBr 6) an T
> min D(p"? 57) (54)
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and show that such an assumption leads to a contradiction, hence
proving the statement of the lemma.

Let ¢ = gBn1o | be the sequence achieving
mings D(p%B || 1z © 6B). Moreover, for any 6 > 0 fixed but
arbitrary, let { P, }22 , be the sequence of operators, satisfying
both 0 < P, < 1g,p, and Tr[P,pF»B~] > 1 — §, achieving
the maximum over P, of min_s, Sg"(pZ+B» || 1, ® oB»),
for all n. Then, (54) implies that

lim lim mf S

5—0 n—

£ (" | n, @ 52)

>D( RB | {, 4 ) (55)

By arguments analogous to those used in the proof of Lemma
12, we can see that

Tr |:\/ anp,?”B” \/ pn pf"B”i| Z 1-— 2\/5

For our convenience, let us put

(56)

1 —
Bs := lim inf —S(I;” (pf”B”

n—oo N

]an ® En n) ’
Yy ‘= lim .
61—>0ﬂ6

It is clear that 85 > . Now, (54) implies (55), which is in turn
equivalent to

v > min D(p"7 || 1 ® 67).
Let then 7 be such that
Bs > y0 > min D(p"7 | 1p © 67).

Moreover, by the definition of lim inf, there exists an ny such
that, for all n. > ng,

1 —
— Sé)n (pgn By ]an ® a.fn

) > s
The above equation can be rewritten as
Tr |:\/ 11 pFnBn vV P, (]1R X T ”)i| < 2771/3(,

for all n > ng. Now, for all n > ng

Tr [\/_H erBanR'IB ]
=Tr [mﬂpgan VP,
(P — 2 (1, 58]
+ 2" Ty [\/I?nﬂpgnffn VP, (1g, ® 55”)]
< Tr[{pgPr > 20 (Ig, ® 5,") }

x (pBnBr — 20 (1p, ®5f"))]
4+ 9= 7(Bs =)

where, in the last step, we used Lemma 1. The second term in
the sum goes to 0 as n — oo, since we chose g < fs. The first
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term, on the other hand, has to be bounded away from 1 due to
(49), since vo > D(5%8 |1z ® 7). Hence, (54) leads to

liminf Tr [\/ anpRan P, pf"B"} <1-cg

n—oo

where ¢p > 0 is a constant independent of 6. This is clearly in
contradiction with (56), which holds for all » and any arbitrary
0> 0. |

IX. DISCUSSION

In this paper, we obtained bounds on the one-shot entangle-
ment transmission capacity of an arbitrary quantum channel,
which itself could correspond to a finite number of uses of
a channel with arbitrarily correlated noise. Our result, in
turn, yielded bounds on the one-shot quantum capacity of the
channel. Further, for multiple uses of a memoryless channel,
our results led to an expression for the asymptotic quantum
capacity of the channel, in terms of the regularized coherent
information. This provided an alternative form of the LSD
theorem, which was however known to be equivalent to it [24].
Finally, by employing the Quantum Information Spectrum
Method, we obtained an expression for the quantum capacity
of an arbitrary infinite sequence of channels.
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