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2. Quantum
phase estimation
algorithm



Estimation
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Quantum phase estimation algorithm (QPEA)
U|A) = e?™?|]), @ € [0,1]

QPEA estimates the phase corresponding to an eigenvalue of a given
unitary operator.
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Estimation of ¢

[A. Yu. Kitaev, arXiv:quant-ph/9511026 (1995)]

[Nielsen and Chuang, "Quantum computation and quantum information" (2001)]



Example: Phase i2=0.1o110---
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If you use 4 qubits for estimation, QPEA outputs
measurement outcomes 1011



Circuit for QPEA

2"d Register
(t qubits)

15t Register { 1)

<

10y {H

10) 1 H
10) 1 H
\lO)- H

QFTT

- X1 15t bit

- X;_p (t-2) bit

- Xi_1 (t=1)* bit

- x, (Y™ bit




Example: Phase i2=0.10110---
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For any input state?
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3. Modified
phase estimation
algorithm



Left shift:
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Observation: Phase i2=0.10110---
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Observation: Phase —==0.10110---
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Observation: Phase i2=0.10110---
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Modified phase estimation algorithm (MPEA) |
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4. Application ?



HHL algorithm

—

Ax =b

HHL algorithm is a quantum algorithm for numerically solving a system
of linear equations.

A, |b)
~ | ~

HHL

7L~

|x)

[Harrow, Hassidim, and Lloyd, PRL 103, 150502 (2009)]
[Scott Aaronson, Nature Physics 11, 291-293 (2015)]



Solving linear equation

A: Hermitian

_Alx) = |b)
A= zliui)(ld ™ |b) = z a;|A;)
When A is invertible, r
In practice, we don't
Alx) = |b) know eigenvalues and
= A lAlx) = A"1|b) eigenvectors!
- Qi HHL also doesn’t know
x) =AY b) = ) —|4;
l
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Condition for exponential speedup

HHL provides an exponential speedup over classical
counterparts.
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Small
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number




Condition number

Among the eigenvalues A; of a normal matrix A




Small condition number: Observation
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Small condition number: Back to QPEA
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Small condition number: QPEA — MPEA
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Our circuit implementation method
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Reduced qubits and reduced gates!
— Improved performance under NISQ!




Example: 10 qubits + small condition number
Alx) = |b)

Assume that all eigenvalues of A have the following binary
representation

2,=0.01ENO1EN11

Fixed! Fixed! Fixed!

Assume that we use10 bits as the second register R



Example: 10 qubits, original HHL for A|x) = |b)
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Example: 10 qubits, our method for A|x) = |b)
#1. Perform QPEA
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#2. Analyze (compare) measurement outcomes
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Example:10 qubits, 1st part of original HHL
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How does the implementation change?
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How does the implementation change?

How does it work?
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How does the implementation change?

How does it work?
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Example: 10 qubits, original HHL vs. ours
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Conclusion



Conclusion
- Bit Shift + QPEA — MPEA
- Simplifying implementation of HHL

- Experimental verification using classical and quantum computers

- Is our implementation method still faster than the conjugate
gradient method?
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Performance of QPEA

Suppose we wish to approximate ¢ to an accuracy 2~ ", that is, we choose e = 2f=" — 1.
By making use of ¢ = n + p qubits in the phase estimation algorithm we see from (5.34)
that the probability of obtaining an approximation correct to this accuracy is at least
1 — 1/2(2P — 2). Thus to successfully obtain ¢ accurate to n bits with probability of
success at least 1 — € we choose

t=n-+ [log (2 + i>—‘ . (5.35)
2¢
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