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Introduction

- Estimating observables requires various measurement settings
in general, e.g,

1 1
W=2101- [p )¢ |= ;10 1+XOX+YRY+Z02)

- A fixed measurement setting is advantageous for some systems,
e.g., distributed sensing

- This work: Measurement-based estimation of observables

- Duplex state preparation + fixed local measurements
— Observable estimation

- Focus on entanglement witnesses (EWs)

- Application of the quantum teleporation scheme

- cf. Measurement-based quantum computation

- Graph state preparation + various local measurements
— Quantum dynamics (unitary transformation)



Positive or negative semi-definite operators
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- O: an observable that has only positive or negative eigenvalues

O" = ko, where o > 0,k = tr[O], tr[o] =1
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|[RR), d: dimension
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Then

tr[pO] = tr{d |85 X |1, o1 @ O]
= dRtr[ |7 Xy 1o o1 ® 03]



Single-qubit observables
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- O: an single-qubit observable that has positive and negative
eigenvalues
O = Ay A )AL = A Ao)A-], AL >0
At A

Co = m,c_ =t
- Dy3: duplex state
D23 = 4 [Ae XA+l @ [1X(1]5 4 c— [A-XA-|, @ [0X0l5, o,
D23 = |D)Dasl, |D23) = V/Ci [A1), [1)3 + /€= [A=); |0)5
- Expected value of the observable can be calculated as
trpO]

trlpr @ D3 [T X" |, ® (11X1] — 10X0])s] = 2(a+pB)




General observables
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General observables

- O: an observable on an n-partite d-dimensional system

d"—1
o' = Z Ae Al (X)) = 65
k=0
| Ar
Cp =
DI

- Dy3: duplex state

Doz =D cr AP @ [RXRIP), or
k

D23 = [Ds)Das|, [Das) = Y /G M) ? @ [R)
3

- Expected value of O

v/ 4+ (®n B _ tr[pO]
tl’[ ‘¢d ><¢d | /M D23(,?€ZP |k><k| kEZN |k><k‘)3] dn(Zk |/\k|)
where P ={k e [d"]: A\, > 0}, N={ke[d"]: A\, < 0} and
[x]={0,...,x =1} 6



The entanglement witness (EW)
- A bipartite quantum state p is separable if it can be written as

p=> p? @ .
i

Otherwise, p is entangled.
- An entanglement witness (EW) W is an observable sit.

vasep & SEP :tr[UsepVV] 2 O7
Ipent € ENT :tr[pentW] < O,

where SEP and ENT denote the set of separable and entangled
states.

- The EW W detects the entangled state pent.

- A quantum state is entangled iff there exists an EW that detects
the state.



- Projections onto a d-dimensional Bell states

Pst = |¢st)Xést| , where |¢gr) = \f Z et/ jj+ ),

fors,te{0,...,d -1}
- Separable Bell-diagoanl projectors

d— d—1
Ns=> Pau=> li,j+s),j+s| forse{0,...,d—1}.
t=0 j=0
- The flip (permutation) operator
d—1
F=dPgs=>_li.j)j.Il
i,j=0
- Projections onto symmetric and anti-symmetric subspaces
1+F 1-F
s=2Ft2 4= .

2 2



The framework

A @ ® B: fixed measurement setting
Ay L L] By ) - A

Nas
Az @ ® 3,

1. pr = p™B1): the state of interest
2. Noz = N(A2BAB3): the duplex state realizing EW W
3. Bell measurements onto P(AWAZ) ® P(B“Bz) leave the final state

tr12[,01 ® Nos P(AwAz) ® P(BWBZ)]
tr[pr ® Nos P(AwAz) ® P(Bsz)]

/\(14}3)(p) = R(A353)

4. Check the final singlet fraction f(p, N) = tr[R®PD)] = (00| R|00)

? .
f(p,N) >n = pis entangled.
T =sup,,, f(psep, N) € [5,1) for separable states pge)p



Constructing the duplex state from the given EW

* Suppose thatan EW W =3~ ¢jW; is given, where W; > 0, ¢; € R.
- For some pure/mixed Bell projections P; > 0 and probability p;,
define
Na3 = Z PJW}Z) ® P}3)7
j

2
) X tr3[N23(77]l = POO)(3)].

such that w

tr[mWU |=tr[;m® WT 2) 2Pt AA2 )@ p(Bsz)]
oc tr[pr ® Nos P‘A*AZ’ ® PS5 @ (111 — Poo) ).
tl’wz[m ® Na3 P(AwAz) ® P(B152)]

RG) —
tr[pr @ N3 P(AWA” ® P

- Finally, flp,N) = trlROPY] > n = tr[pW] < 0
- The choice of the duplex state is not unique.



Duplex states can detect all bipartite entangled states

- Define

_tr[(A® B)N(AT @ BT)Pq]
Eg(N) = % t[(A® B)N(AT @ BT)(jO

where A, B are matrices such that A : H, — C% and B : Hg — C¢.
- A bipartite state p is entangled iff forall d > 2 and n € [3,1),
there exists a bipartite state N such that E4(N) < n and
Eq(p @ N) > n.
- If Eg(N) < 7, then W = try[NOD) (nl — Pgo)@] can be proved to be
an entanglement witness.
- The set of such EWs detects all bipartite entangled states.

- The problem of finding N given p is at least as hard as finding an
entanglement witness that detects p.

Eq(N) L sup f(psep, N)

Psep

Masanes, L. (2006). All bipartite entangled states are useful for information processing. Physical Review Letters, 96(15). 1



The flip witness that detects entangled Werner state

- Werner state w(®

w:pJﬂ%+(1 p)t‘[SS] for p € [0,1].

w is non-PPT and entangled iff p > 3.

- An EW Wr = IF = S — A detects entangled Werner state.
- A duplex state

(A2B2)
@) _ - (AsB3)
e _d+2<d2—d) ® Pog

d+1 (1+F\N5 /1 py\ “B)
+d+2<dZ+d> ®<d2—1)

is PPT in A,As|B,B;5 and undistillable.*
- The final state R®) is 1-distillable* iff w is entangled

flw, NF) > % < trlwWe] <0

Vollbrecht, K. G., & Wolf, M. M. (2002). Activating distillation with an infinitesimal amount of bound entanglement. Physical Review Letters, 88(24). ,

1-distillable state: a single copy of the state can be converted into a entangled qubit pair shared between Alice and Bob by LOCC. 12



Bell diagonal EWs

- Let X=(Ao,. .., Ag—1) Where As > 0,300 A\ = 1.
- Bell diagonal EWs (e.g. Reductioin EW, Choi EW)

d—1
Wap(X :E:/\SI'IS Poo for some X
s=0

. WBD(X) corresponds to the mixed/pure duplex states

d—1 d—
23 BN
>‘ :Z/\HZ st ®Pst
s=0 t=0
23 &
23
NS () = INoX N, [Nap) Z\/ 1650)@ |65) @

with the threshold value n = .
flp, Nep(X)) > Ay < tr[pWep(X)] < 0

P = [bsXestl [ost) = o2 S ™I/ jr sy, ns = ST o = ST+ )4 + 51 13



Reduction witness

- W,eq is decomposable (cannot detect PPT entangled state).

- Take X = (Z,..., 3), then
g 1
Wred: ans*POO—d]I*POO
s=0
7 9=1d-1
23 2 3
Nﬁed) ) Pgt) ® Pgt)’ or
s=0 t=0
;ed Z |¢St ‘(bst
s,t=0

with the threshold value n = -
1
f(py Nreg) > P < tr[pWeq] < 0

14



Duplex states of Reduction witness

N(B) is a direct generalization of Smolin state into d-dimension.
- For d =2, Smolin state Nsyoin IS PPT and undistillable.”

1 _ _ _ _
Nsmotin = Z(¢A+B ® ¢ + Pas ® b + Yas @ Yo + Yag ® Yp)

- Ford >3, N® can be non-PPT, and the distillablity is unknown.

red

<IN 23 is two copies of |¢pt) when d =2

red
INrea)® = [67)4) @ 197) ) if d = 2

- For d = 2, the scheme is merely the quantum teleporation in two
parties (Alice and Bob) followed by a singlet fraction measurement.

- Ford >3, |N,y)®) cannot be simplified to copies of an identical
state.

Smolin, J. A. (2001). Four-party unlockable bound entangled state. Physical Review A, 63(3). 15



Choi Witness

* Wenoi IS nondecomposabl e (can detect PPT entangled state).
- Take X = (3,1,0) where d = 3, then

2
Wehoi = 3|_|o + 3|_|1 — Poo
( 5 2 2
23)
NChOI = § Z ® 'DOt Z ® 'D1t
—o =0

\/‘ 2
[Npap)® = 5= D 600 16ot)® + 5 ; 1) 161)
2
f(p, Nenoi) > 3 & tr[pWenoi] < 0
- The 3-dimensional Bell diagonal state*

2 1M, 4I'I2
P =
PBD = 7oo—i—73 773

is PPT entangled, and detected by Weno; and N,

Horodecki, P, Horodecki, M., & Horodecki, R. (1999). Bound entanglement can be activated. Physical Review Letters, 82(5), 1056-1059. 16



Extension to multipartite systems

Gre 1phl State

{ ] @
I Bell Mea§hirements I
{ ] (]

Duplex|state

- Consider Greenberger-Horne-Zeilinger (GHZ) states
Yabe = |7/)abc><7/)abc| for a, b ce {O 1},

[Vabe) = 7ox® XC (]000) + |111}).
Ve
(A1B1Gy

- GHZ state vy, )is detected by the EW

1]1(*4151@) _ (A1B1CW)

WGHZ = 000



Extension to the multipartite systems

- The corresponding duplex states are

:
(23) (A2B:,6) (A3B3G3)
NGHZ - g Z wabc @ dabc
a,b,c:o
(23 (A2B,5) (A3B3G3)
|Ngz) )_7 Z [Wane) 25D Jpanc) B
a,b,c=0

with the threshold value n = 5
- If the final state has a higher overlap with GHZ state than 1 , then

the state of interest is entangled.
tﬁz[pw@l\l (b ®¢1 ®¢+ ]
f(ps Nenz) = (voool Ghe T, e fcz |%000)
trlp ® NGHZQSAqu ® dfp, ® ol

1
f(p, Norz) > 5 <~ tr[pWsnz] < 0.

- The framework can be extended to the general graph states.



ixed measuremer (e | Stat
A @ ® B fixed measurement setting
ren

Grapl

o
o
I I Bell Me I ements
»
- = —e o
A, ® ® 3. A
e Duplex|state

- General observables can be estimated by state preparation +
fixed measurements.

- The duplex states and Bell measurements can detect all
bipartite entangled states.

- The final singlet fraction above a threshold value confirms that
the state of interest is entangled.

- The framework can detect multipartite graph state as well.

Az @ ® B

19



THANK YOU



A PPT duplex state cannot detect a PPT entangled state

- Let N&) be PPT and p{); be PPT entangled state.

- pb @ N&) is PPT and undistillable.
- f(prer, Nepr) is upper bounded by 1.

- A PPT duplex state NgﬁT) cannot detect a PPT entangled state,

e, N,(JZST) can only produce decomposable EW.

- If W is nondecomposable, then N3 must be non-PPT.
- The converse does not hold

- An EW constructed from a non-PPT duplex state is not always
nondecomposable.

- The 3-dimensional Smolin state N&) is non-PPT, but the reduction
witness W4 is decomposable.



Optimal decomposable EWs

- Decomposable EWs cannot detect PPT entangled state.
- An optimal decomposable EW Wg.c = Q™ where Q > 0.
- LettrQ = 1and XA = max; |\;| where {);} are eigenvalues of Q™.
- The corresponding duplex state is
N _ AT (/\]1 — QTA>(AZBZ) @ plAEs)
dec TN +d—2 \ A2 -1 00

AP = Ad2+d—=1 /A 1+Q"™ (A2B2) 1 — Py (A3Bs)
A3 +d -2 Ad?2 +1 a2 — 7

with the threshold value n = J.
1
f(p, Ngec) > = = tU[pWge] <0

- The flip witness Wr = 1TF is a special case of Wy, with Q = Pgo.



Bell diagonal EWs

A @ ® B fixed measurement setting
Nos
Ag ([ ] o Bs

- Bell diagonal EWs detect entangled Bell diagonal states.
- pep = AaPoo + 307 A is entangled iff 3s: Ao > Ao
c prsep is separable, then f(psep, Ngp(A )) is upper bounded by Ag.
- Aseparable state o = 1P + 307 1 s f(g, Ngp(X)) = Ao
- f(p, Ngp(X)) > Ao implies that py is entangled.
- Bell diagonal EWs contain
- Reduction witness W, (decomposable)
- Choi witness Wepoi (3-dimension, nondecomposable)
- generalized Choi witnesses (d-diemension, nondecomposable)

Chruscinski, D. & Kossakowski, A. (2010). Bell diagonal states with maximal abelian symmetry. Physical Review A, 82(6).



Breuer-Hall witness

- Let U be a skew-symmetric unirary operator: UUt =1, U7 = —U.
- Let F/ = (1 @ U)F(1 ® UT).
- The Breuer-Hall witness and the duplex state

1

Wy :8(]1 — ') — Poo
d—1d—1
e DI AL T
5=0 t=0
1+TF

—F\P /1P \©
+C2(d2_d) ®(d2—1>
2d*—2d d+ d?—d+1

B _ 1 _
where Co = 355413+ 1 = 373073 ©2 = 33013
+ The threshold value n = J.

1
f(p, Ngy) > P <~ tr[pWpy] <0
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