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Introduction

• Estimating observables requires various measurement settings
in general, e.g.,

W =
1
21⊗ 1− |ψ−⟩⟨ψ−| = 1

2 (1⊗ 1+ X⊗ X+ Y⊗ Y+ Z⊗ Z)

• A fixed measurement setting is advantageous for some systems,
e.g., distributed sensing

• This work: Measurement-based estimation of observables
• Duplex state preparation + fixed local measurements
→ Observable estimation

• Focus on entanglement witnesses (EWs)
• Application of the quantum teleporation scheme

• cf. Measurement-based quantum computation
• Graph state preparation + various local measurements
→ Quantum dynamics (unitary transformation)
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Positive or negative semi-definite operators

𝜌𝜌1 𝜎𝜎2

1 2𝜙𝜙+

• O: an observable that has only positive or negative eigenvalues

OT = kσ, where σ ≥ 0, k = tr[O], tr[σ] = 1

|ϕ+d ⟩ =
1√
d

d−1∑
k=0

|kk⟩ , d : dimension

Then

tr[ρO] = tr[d |ϕ+d ⟩⟨ϕ
+
d |12 ρ1 ⊗OT

2 ]

= d k tr[ |ϕ+d ⟩⟨ϕ
+
d |12 ρ1 ⊗ σ2]
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Single-qubit observables

• O: an single-qubit observable that has positive and negative
eigenvalues

OT = λ+ |λ+⟩⟨λ+| − λ− |λ−⟩⟨λ−| , λ± ≥ 0

c+ =
λ+

λ+ + λ−
, c− =

λ−
λ+ + λ−

• D23: duplex state

D23 = c+ |λ+⟩⟨λ+|2 ⊗ |1⟩⟨1|3 + c− |λ−⟩⟨λ−|2 ⊗ |0⟩⟨0|3 , or,
D23 = |D23⟩⟨D23| , |D23⟩ =

√
c+ |λ+⟩2 |1⟩3 +

√
c− |λ−⟩2 |0⟩3

• Expected value of the observable can be calculated as

tr[ρ1 ⊗ D23 |ϕ+⟩⟨ϕ+|12 ⊗ (|1⟩⟨1| − |0⟩⟨0|)3] =
tr[ρO]

2(α+ β)
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General observables

ଵ ଶ ଷ
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ଵ ଶ ଷ
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General observables

• O: an observable on an n-partite d-dimensional system

OT =
dn−1∑
k=0

λk |λk⟩⟨λk| ,
〈
λi
∣∣λj〉 = δij

ck =
|λk|∑
k |λk|

• D23: duplex state

D23 =
∑
k

ck |λk⟩⟨λk|(2) ⊗ |k⟩⟨k|(3) , or

D23 = |D23⟩⟨D23| , |D23⟩ =
∑
k

√
ck |λk⟩(2) ⊗ |k⟩(3)

• Expected value of O

tr[ |ϕ+d ⟩⟨ϕ
+
d |

⊗n
ρ1 ⊗ D23(

∑
k∈P

|k⟩⟨k| −
∑
k∈N

|k⟩⟨k|)3] =
tr[ρO]

dn(
∑

k |λk|)

where P = {k ∈ [dn] : λk > 0}, N = {k ∈ [dn] : λk < 0} and
[x] = {0, . . . , x− 1}. 6



The entanglement witness (EW)

• A bipartite quantum state ρ is separable if it can be written as

ρ =
∑
i

piψ
(A)
i ⊗ ϕ

(B)
i .

Otherwise, ρ is entangled.
• An entanglement witness (EW) W is an observable s.t.

∀σsep ∈ SEP :tr[σsepW] ≥ 0,
∃ρent ∈ ENT :tr[ρentW] < 0,

where SEP and ENT denote the set of separable and entangled
states.

• The EW W detects the entangled state ρent.
• A quantum state is entangled iff there exists an EW that detects
the state.
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Notations

• Projections onto a d-dimensional Bell states

Pst = |ϕst⟩⟨ϕst| , where |ϕst⟩ =
1√
d

d−1∑
j=0

e2πijt/d |j, j+ s⟩ ,

for s, t ∈ {0, . . . ,d− 1}
• Separable Bell-diagoanl projectors

Πs =
d−1∑
t=0

Pst =
d−1∑
j=0

|j, j+ s⟩⟨j, j+ s| for s ∈ {0, . . . ,d− 1}.

• The flip (permutation) operator

F = dPTA00 =
d−1∑
i,j=0

|i, j⟩⟨j, i|

• Projections onto symmetric and anti-symmetric subspaces

S =
1+ F

2 , A =
1− F

2 .
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The framework

<latexit sha1_base64="fPy1Zut4+Nh672Bw8J33CD5JYhY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+ien5/Xqnd5HEU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we6xY1y</latexit>

A1

<latexit sha1_base64="nldCXVjQXXLla3o8KRQsYrlvh9Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY+oF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD9e9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfvq6XaTRZHHk7gFM7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AvEmNcw==</latexit>

A2

<latexit sha1_base64="F1aBEjDiM+1PXAjlgyMzIekbfA8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEfUi0eM8khgQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHslHM47RD+lA8j5n1Fjp4bp73i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7J3Ua7cV0rVmyyOPBzBMZyCB5dQhTuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4Avc2NdA==</latexit>

A3

<latexit sha1_base64="Dc5dj1RBWm1RbTpIApgwSCGMZW4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0UO97/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenl/WanV8ziKcAKncA4eXEMN7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QO8S41z</latexit>

B1

<latexit sha1_base64="7QbXbTNfqIG+1PYAzYgnoQSUyGg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHur9Sr9YcsvuAmSdeBkpQYZGv/jVG8QsjbhCJqkxXc9N0J9SjYJJPiv0UsMTysZ0yLuWKhpx408Xp87IhVUGJIy1LYVkof6emNLImEkU2M6I4sisenPxP6+bYnjjT4VKUuSKLReFqSQYk/nfZCA0ZygnllCmhb2VsBHVlKFNp2BD8FZfXietStm7Klfvq6VaPYsjD2dwDpfgwTXU4A4a0AQGQ3iGV3hzpPPivDsfy9ack82cwh84nz+9z410</latexit>

B2

<latexit sha1_base64="yaEQyZvMHrH+eYAohTs8w6XGOzk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeCF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD7XeZa9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNi7J3Va7cV0rVWhZHHk7gFM7Bg2uowh3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8Av1ONdQ==</latexit>

B3

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="a6ql2g27xIRn3iVNsLZOWZX56gQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRC0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlbssjjycwCmcgwc3UIEq1KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AKC5jNY=</latexit>

H

<latexit sha1_base64="fE+HyfhOa2MudEYCRImTuiVPgt8=">AAACC3icbVC7TsNAEDzzJrwMlDQWERJVZCNeZQQNZZBIQEqs6HxZJ6fcna27NSKyQk3Dr9BQgBAtP0DH33AOLniNdNJoZndvd6JUcIO+/+FMTc/Mzs0vLFaWlldW19z1jZZJMs2gyRKR6KuIGhBcQRM5CrhKNVAZCbiMhqeFf3kN2vBEXeAohVDSvuIxZxSt1HW3O5LiQMs85jfQu5VATaZBgsJbA4hc9cddt+rX/Am8vyQoSZWUaHTd904vYVkxhAlqTDvwUwxzqpEzAeNKJzOQUjakfWhbqqgEE+aTW8bejlV6Xpxo+xR6E/V7R06lMSMZ2cpic/PbK8T/vHaG8XGYc5VmCIp9fRRnwsPEK4LxelwDQzGyhDLN7a4eG1BNGdr4KjaE4PfJf0lrrxYc1g7O96v1kzKOBbJFtskuCcgRqZMz0iBNwsgdeSBP5Nm5dx6dF+f1q3TKKXs2yQ84b59vuZyW</latexit>

fixed measurement setting

<latexit sha1_base64="JO7BxPw00Mo47kMJxHspzZO2QVY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKezG+DgGvXiSCOYByRJmJ7PJmNmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5up33qiSjMpHsw4pn6EB4KFjGBjpeZdL62cTXrFklt2Z0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxIRXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1L2Lsrn99VS7TqLIw9HcAyn4MEl1OAW6tAAAo/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AAiPjso=</latexit>

N23

1. ρ1 = ρ(A1B1): the state of interest
2. N23 = N(A2B2A3B3): the duplex state realizing EW W
3. Bell measurements onto P(A1A2)00 ⊗ P(B1B2)00 leave the final state

Λ(1→3)(ρ) = R(A3B3) = tr12[ρ1 ⊗ N23 P(A1A2)00 ⊗ P(B1B2)00 ]

tr[ρ1 ⊗ N23 P(A1A2)00 ⊗ P(B1B2)00 ]

4. Check the final singlet fraction f(ρ,N) ≡ tr[R(3)P(3)00 ] = ⟨ϕ00|R|ϕ00⟩
• f(ρ,N)

?
> η =⇒ ρ is entangled.

• η = supρsep f(ρsep,N) ∈ [ 1d , 1) for separable states ρ
(1)
sep.

9



Constructing the duplex state from the given EW

• Suppose that an EW W =
∑

j cjWj is given, where Wj ≥ 0, cj ∈ R.
• For some pure/mixed Bell projections Pj ≥ 0 and probability pj,
define

N23 =
∑
j

pjW
(2)
j ⊗ P(3)j ,

such that WT(2) ∝ tr3[N23(η1− P00)(3)].

tr[ρ1W(1)] = tr[ρ1 ⊗WT(2) d2P(A1A2)00 ⊗ P(B1B2)00 ]

∝ tr[ρ1 ⊗ N23 P(A1A2)00 ⊗ P(B1B2)00 ⊗ (η1− P00)(3)].

R(3) = tr12[ρ1 ⊗ N23 P(A1A2)00 ⊗ P(B1B2)00 ]

tr[ρ1 ⊗ N23 P(A1A2)00 ⊗ P(B1B2)00 ]

• Finally, f(ρ,N) = tr[R(3)P(3)00 ] > η ⇐⇒ tr[ρW] < 0

• The choice of the duplex state is not unique.
10



Duplex states can detect all bipartite entangled states

• Define

Ed(N) ≡ sup
A,B

tr[(A⊗ B)N(A† ⊗ B†)P00]
tr[(A⊗ B)N(A† ⊗ B†)]

where A,B are matrices such that A : HA → Cd and B : HB → Cd.
• A bipartite state ρ is entangled iff for all d ≥ 2 and η ∈ [ 1d , 1),
there exists a bipartite state N such that Ed(N) ≤ η and
Ed(ρ⊗ N) > η.

• If Ed(N) ≤ η, then W = tr2[N(12)(η1− P00)(2)] can be proved to be
an entanglement witness.

• The set of such EWs detects all bipartite entangled states.
• The problem of finding N given ρ is at least as hard as finding an
entanglement witness that detects ρ.

Ed(N)
?
= sup

ρsep

f(ρsep,N)

Masanes, L. (2006). All bipartite entangled states are useful for information processing. Physical Review Letters, 96(15). 11



The flip witness that detects entangled Werner state

• Werner state ω(1)

ω = p A
tr[A]

+ (1− p) S
tr[S] for p ∈ [0, 1].

ω is non-PPT and entangled iff p > 1
2 .

• An EW WF = F = S −A detects entangled Werner state.
• A duplex state

N(23)
F =

1
d+ 2

(
1− F

d2 − d

)(A2B2)
⊗ P(A3B3)00

+
d+ 1
d+ 2

(
1+ F

d2 + d

)(A2B2)
⊗
(
1− P00
d2 − 1

)(A3B3)

is PPT in A2A3|B2B3 and undistillable.∗
• The final state R(3) is 1-distillable∗ iff ω is entangled.

f(ω,NF) >
1
d ⇐⇒ tr[ωWF] < 0

Vollbrecht, K. G., & Wolf, M. M. (2002). Activating distillation with an infinitesimal amount of bound entanglement. Physical Review Letters, 88(24). ,

1-distillable state: a single copy of the state can be converted into a entangled qubit pair shared between Alice and Bob by LOCC. 12



Bell diagonal EWs

• Let λ⃗ = (λ0, . . . , λd−1) where λs ≥ 0,
∑d−1

s=0 λs = 1.
• Bell diagonal EWs (e.g. Reductioin EW, Choi EW)

WBD(λ⃗) =
d−1∑
s=0

λsΠs − P00 for some λ⃗

• WBD(λ⃗) corresponds to the mixed/pure duplex states

N(23)
BD (λ⃗) =

d−1∑
s=0

λs
1
d

d−1∑
t=0

P(2)st ⊗ P(3)st or

N(23)
BD (λ⃗) = |N′

BD⟩⟨N′
BD| , |N′

BD⟩
(23)

=
d−1∑
s,t=0

√
λs
d |ϕst⟩(2) |ϕst⟩(3)

with the threshold value η = λ0.

f(ρ,NBD(λ⃗)) > λ0 ⇐⇒ tr[ρWBD(λ⃗)] < 0

Pst =
∣∣ϕst〉〈ϕst∣∣ , ∣∣ϕst〉 = 1√

d
∑d−1
j=0 e2πijt/d |j, j + s⟩ , Πs =

∑d−1
t=0 Pst =

∑d−1
j=0 |j, j + s⟩⟨j, j + s| 13



Reduction witness

• Wred is decomposable (cannot detect PPT entangled state).
• Take λ⃗ = ( 1d , . . . ,

1
d ), then

Wred =
d−1∑
s=0

1
dΠs − P00 =

1
d1− P00

N(23)
red =

1
d2

d−1∑
s=0

d−1∑
t=0

P(2)st ⊗ P(3)st , or

|N′
red⟩

(23) =
d−1∑
s,t=0

|ϕst⟩(2) |ϕst⟩(3)

with the threshold value η = 1
d .

f(ρ,Nred) >
1
d ⇐⇒ tr[ρWred] < 0

14



Duplex states of Reduction witness

• N(23)
red is a direct generalization of Smolin state into d-dimension.
• For d = 2, Smolin state NSmolin is PPT and undistillable.∗

NSmolin =
1
4 (ϕ

+
AB ⊗ ϕ+

CD + ϕ−
AB ⊗ ϕ−

CD + ψ+
AB ⊗ ψ+

CD + ψ−
AB ⊗ ψ−

CD)

• For d ≥ 3, N(23)
red can be non-PPT, and the distillablity is unknown.

• |N′
red⟩

(23) is two copies of |ϕ+⟩ when d = 2

|N′
red⟩

(23) = |ϕ+⟩(A2A3) ⊗ |ϕ+⟩(B2B3) if d = 2

• For d = 2, the scheme is merely the quantum teleporation in two
parties (Alice and Bob) followed by a singlet fraction measurement.

• For d ≥ 3, |N′
red⟩

(23) cannot be simplified to copies of an identical
state.

Smolin, J. A. (2001). Four-party unlockable bound entangled state. Physical Review A, 63(3). 15



Choi Witness

• WChoi is nondecomposable (can detect PPT entangled state).
• Take λ⃗ = ( 23 ,

1
3 , 0) where d = 3, then

WChoi =
2
3Π0 +

1
3Π1 − P00

N(23)
Choi =

2
9

2∑
t=0

P(2)0t ⊗ P(3)0t +
1
9

2∑
t=0

P(2)1t ⊗ P(3)1t

|N′
PBD⟩

(23) =

√
2
3

2∑
t=0

|ϕ0t⟩(2) |ϕ0t⟩(3) +
1
3

2∑
t=0

|ϕ1t⟩(2) |ϕ1t⟩(3)

f(ρ,NChoi) >
2
3 ⇐⇒ tr[ρWChoi] < 0

• The 3-dimensional Bell diagonal state∗

ρBD =
2
7P00 +

1
7
Π1
3 +

4
7
Π2
3

is PPT entangled, and detected by WChoi and N(23)
Choi.

Horodecki, P., Horodecki, M., & Horodecki, R. (1999). Bound entanglement can be activated. Physical Review Letters, 82(5), 1056–1059. 16



Extension to multipartite systems
<latexit sha1_base64="HljhlpaVPggUVFfTV1ddfH1g32A=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRLxtSy60GVF+4A2lMl00g6dTMLMjVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1z/FhwDY7zbc3NLywuLRdWiqtr6xub9tZ2XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uMz8xj1TmkfyDoYx80LSkzzglICROvZuOyTQV2F6pUjcf7wFAmzUsUtO2RkDzxI3JyWUo9qxv9rdiCYhk0AF0brlOjF4KVHAqWCjYjvRLCZ0QHqsZagkIdNeOk4/wgdG6eIgUuZJwGP190ZKQq2HoW8ms6x62svE/7xWAsG5l3IZJ8AknRwKEoEhwlkVuMsVoyCGhhCquMmKaZ8oQsEUVjQluNNfniX1o7J7Wj65OS5VLvI6CmgP7aND5KIzVEHXqIpqiKIH9Ixe0Zv1ZL1Y79bHZHTOynd20B9Ynz9POJXL</latexit>

Graph State

<latexit sha1_base64="t+9fXzGwV+l3Vnli0ndNs/LnnVY=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclUR8LUvduBEq2Ae0oUymN+3QmUmYmQglVNz4K25cKOLWn3Dn3zhps9DWAwOHc+5h7j1BzKjSrvttLSwuLa+sFtaK6xubW9v2zm5DRYkkUCcRi2QrwAoYFVDXVDNoxRIwDxg0g+FV5jfvQSoaiTs9isHnuC9oSAnWRura+x2O9UDytAqMPdwAVokEDkKrcdcuuWV3AmeeeDkpoRy1rv3V6UUkydKEYaXanhtrP8VSU8JgXOwkCmJMhrgPbUMF5qD8dHLD2DkySs8JI2me0M5E/Z1IMVdqxAMzmW2sZr1M/M9rJzq89FMq4kSDINOPwoQ5OnKyQpwelUA0GxmCiaRmV4cMsMREm9qKpgRv9uR50jgpe+fls9vTUqWa11FAB+gQHSMPXaAKukY1VEcEPaJn9IrerCfrxXq3PqajC1ae2UN/YH3+ADbwmIw=</latexit>

Bell Measurements

<latexit sha1_base64="rBkSP9GeNFgvK3f8F0+9XRxBod0=">AAAB/3icbVDJSgNBFOxxjXEbFbx4aQyCpzAjbsegHjxGMAskQ+jpvEma9Cx0vxHDGMFf8eJBEa/+hjf/xs5y0MSChqLqPV51+YkUGh3n25qbX1hcWs6t5FfX1jc27a3tqo5TxaHCYxmrus80SBFBBQVKqCcKWOhLqPm9y6FfuwOlRRzdYj8BL2SdSASCMzRSy95thgy7Ksyu0kTCPX3UyBAGLbvgFJ0R6CxxJ6RAJii37K9mO+ZpCBFyybRuuE6CXsYUCi5hkG+mGhLGe6wDDUMjFoL2slH+AT0wSpsGsTIvQjpSf29kLNS6H/pmcphWT3tD8T+vkWJw7mUiSlKEiI8PBamkGNNhGbQtFHCUfUMYV8JkpbzLFONoKsubEtzpL8+S6lHRPS2e3BwXSheTOnJkj+yTQ+KSM1Ii16RMKoSTB/JMXsmb9WS9WO/Wx3h0zprs7JA/sD5/AMzelp8=</latexit>

Duplex state

• Consider Greenberger–Horne–Zeilinger (GHZ) states
ψabc = |ψabc⟩⟨ψabc| for a,b, c ∈ {0, 1},

|ψabc⟩ = Za ⊗ Xb ⊗ Xc 1√
2
(|000⟩+ |111⟩).

• GHZ state ψ(A1B1C1)
000 is detected by the EW

WGHZ =
1
21

(A1B1C1) − ψ
(A1B1C1)
000

17



Extension to the multipartite systems

• The corresponding duplex states are

N(23)
GHZ =

1
8

1∑
a,b,c=0

ψ
(A2B2C2)
abc ⊗ ψ

(A3B3C3)
abc

|N′
GHZ⟩

(23) =
1√
8

1∑
a,b,c=0

|ψabc⟩(A2B2C2) |ψabc⟩(A3B3C3)

with the threshold value η = 1
2 .

• If the final state has a higher overlap with GHZ state than 1
2 , then

the state of interest is entangled.

f(ρ,NGHZ) = ⟨ψ000|
tr12[ρ1 ⊗ N(23)

GHZϕ
+
A1A2 ⊗ ϕ+B1B2 ⊗ ϕ+C1C2 ]

tr[ρ1 ⊗ N(23)
GHZϕ

+
A1A2 ⊗ ϕ+B1B2 ⊗ ϕ+C1C2 ]

|ψ000⟩

f(ρ,NGHZ) >
1
2 ⇐⇒ tr[ρWGHZ] < 0.

• The framework can be extended to the general graph states.

18



Summary

<latexit sha1_base64="fPy1Zut4+Nh672Bw8J33CD5JYhY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+ien5/Xqnd5HEU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we6xY1y</latexit>

A1

<latexit sha1_base64="nldCXVjQXXLla3o8KRQsYrlvh9Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY+oF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD9e9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfvq6XaTRZHHk7gFM7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AvEmNcw==</latexit>

A2

<latexit sha1_base64="F1aBEjDiM+1PXAjlgyMzIekbfA8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEfUi0eM8khgQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHslHM47RD+lA8j5n1Fjp4bp73i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7J3Ua7cV0rVmyyOPBzBMZyCB5dQhTuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4Avc2NdA==</latexit>

A3

<latexit sha1_base64="Dc5dj1RBWm1RbTpIApgwSCGMZW4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0UO97/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenl/WanV8ziKcAKncA4eXEMN7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QO8S41z</latexit>

B1

<latexit sha1_base64="7QbXbTNfqIG+1PYAzYgnoQSUyGg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHur9Sr9YcsvuAmSdeBkpQYZGv/jVG8QsjbhCJqkxXc9N0J9SjYJJPiv0UsMTysZ0yLuWKhpx408Xp87IhVUGJIy1LYVkof6emNLImEkU2M6I4sisenPxP6+bYnjjT4VKUuSKLReFqSQYk/nfZCA0ZygnllCmhb2VsBHVlKFNp2BD8FZfXietStm7Klfvq6VaPYsjD2dwDpfgwTXU4A4a0AQGQ3iGV3hzpPPivDsfy9ack82cwh84nz+9z410</latexit>

B2

<latexit sha1_base64="yaEQyZvMHrH+eYAohTs8w6XGOzk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeCF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD7XeZa9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNi7J3Va7cV0rVWhZHHk7gFM7Bg2uowh3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8Av1ONdQ==</latexit>

B3

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="a6ql2g27xIRn3iVNsLZOWZX56gQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRC0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlbssjjycwCmcgwc3UIEq1KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AKC5jNY=</latexit>

H

<latexit sha1_base64="fE+HyfhOa2MudEYCRImTuiVPgt8=">AAACC3icbVC7TsNAEDzzJrwMlDQWERJVZCNeZQQNZZBIQEqs6HxZJ6fcna27NSKyQk3Dr9BQgBAtP0DH33AOLniNdNJoZndvd6JUcIO+/+FMTc/Mzs0vLFaWlldW19z1jZZJMs2gyRKR6KuIGhBcQRM5CrhKNVAZCbiMhqeFf3kN2vBEXeAohVDSvuIxZxSt1HW3O5LiQMs85jfQu5VATaZBgsJbA4hc9cddt+rX/Am8vyQoSZWUaHTd904vYVkxhAlqTDvwUwxzqpEzAeNKJzOQUjakfWhbqqgEE+aTW8bejlV6Xpxo+xR6E/V7R06lMSMZ2cpic/PbK8T/vHaG8XGYc5VmCIp9fRRnwsPEK4LxelwDQzGyhDLN7a4eG1BNGdr4KjaE4PfJf0lrrxYc1g7O96v1kzKOBbJFtskuCcgRqZMz0iBNwsgdeSBP5Nm5dx6dF+f1q3TKKXs2yQ84b59vuZyW</latexit>

fixed measurement setting

<latexit sha1_base64="JO7BxPw00Mo47kMJxHspzZO2QVY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKezG+DgGvXiSCOYByRJmJ7PJmNmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5up33qiSjMpHsw4pn6EB4KFjGBjpeZdL62cTXrFklt2Z0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxIRXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1L2Lsrn99VS7TqLIw9HcAyn4MEl1OAW6tAAAo/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AAiPjso=</latexit>

N23

<latexit sha1_base64="HljhlpaVPggUVFfTV1ddfH1g32A=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRLxtSy60GVF+4A2lMl00g6dTMLMjVBD9VfcuFDErf/hzr9x0mahrQcGDufcyz1z/FhwDY7zbc3NLywuLRdWiqtr6xub9tZ2XUeJoqxGIxGppk80E1yyGnAQrBkrRkJfsIY/uMz8xj1TmkfyDoYx80LSkzzglICROvZuOyTQV2F6pUjcf7wFAmzUsUtO2RkDzxI3JyWUo9qxv9rdiCYhk0AF0brlOjF4KVHAqWCjYjvRLCZ0QHqsZagkIdNeOk4/wgdG6eIgUuZJwGP190ZKQq2HoW8ms6x62svE/7xWAsG5l3IZJ8AknRwKEoEhwlkVuMsVoyCGhhCquMmKaZ8oQsEUVjQluNNfniX1o7J7Wj65OS5VLvI6CmgP7aND5KIzVEHXqIpqiKIH9Ixe0Zv1ZL1Y79bHZHTOynd20B9Ynz9POJXL</latexit>

Graph State

<latexit sha1_base64="t+9fXzGwV+l3Vnli0ndNs/LnnVY=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclUR8LUvduBEq2Ae0oUymN+3QmUmYmQglVNz4K25cKOLWn3Dn3zhps9DWAwOHc+5h7j1BzKjSrvttLSwuLa+sFtaK6xubW9v2zm5DRYkkUCcRi2QrwAoYFVDXVDNoxRIwDxg0g+FV5jfvQSoaiTs9isHnuC9oSAnWRura+x2O9UDytAqMPdwAVokEDkKrcdcuuWV3AmeeeDkpoRy1rv3V6UUkydKEYaXanhtrP8VSU8JgXOwkCmJMhrgPbUMF5qD8dHLD2DkySs8JI2me0M5E/Z1IMVdqxAMzmW2sZr1M/M9rJzq89FMq4kSDINOPwoQ5OnKyQpwelUA0GxmCiaRmV4cMsMREm9qKpgRv9uR50jgpe+fls9vTUqWa11FAB+gQHSMPXaAKukY1VEcEPaJn9IrerCfrxXq3PqajC1ae2UN/YH3+ADbwmIw=</latexit>

Bell Measurements

<latexit sha1_base64="rBkSP9GeNFgvK3f8F0+9XRxBod0=">AAAB/3icbVDJSgNBFOxxjXEbFbx4aQyCpzAjbsegHjxGMAskQ+jpvEma9Cx0vxHDGMFf8eJBEa/+hjf/xs5y0MSChqLqPV51+YkUGh3n25qbX1hcWs6t5FfX1jc27a3tqo5TxaHCYxmrus80SBFBBQVKqCcKWOhLqPm9y6FfuwOlRRzdYj8BL2SdSASCMzRSy95thgy7Ksyu0kTCPX3UyBAGLbvgFJ0R6CxxJ6RAJii37K9mO+ZpCBFyybRuuE6CXsYUCi5hkG+mGhLGe6wDDUMjFoL2slH+AT0wSpsGsTIvQjpSf29kLNS6H/pmcphWT3tD8T+vkWJw7mUiSlKEiI8PBamkGNNhGbQtFHCUfUMYV8JkpbzLFONoKsubEtzpL8+S6lHRPS2e3BwXSheTOnJkj+yTQ+KSM1Ii16RMKoSTB/JMXsmb9WS9WO/Wx3h0zprs7JA/sD5/AMzelp8=</latexit>

Duplex state

• General observables can be estimated by state preparation +
fixed measurements.

• The duplex states and Bell measurements can detect all
bipartite entangled states.

• The final singlet fraction above a threshold value confirms that
the state of interest is entangled.

• The framework can detect multipartite graph state as well.
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A PPT duplex state cannot detect a PPT entangled state

• Let N(23)
PPT be PPT and ρ

(1)
PPT be PPT entangled state.

• ρ(1)PPT ⊗ N(23)
PPT is PPT and undistillable.

• f(ρPPT,NPPT) is upper bounded by 1
d .

• A PPT duplex state N(23)
PPT cannot detect a PPT entangled state,

i.e., N(23)
PPT can only produce decomposable EW.

• If W is nondecomposable, then N(23) must be non-PPT.
• The converse does not hold

• An EW constructed from a non-PPT duplex state is not always
nondecomposable.

• The 3-dimensional Smolin state N(23)
red is non-PPT, but the reduction

witness Wred is decomposable.



Optimal decomposable EWs

• Decomposable EWs cannot detect PPT entangled state.
• An optimal decomposable EW Wdec = QTA where Q ≥ 0.
• Let trQ = 1 and λ = maxi |λi| where {λi} are eigenvalues of QTA .
• The corresponding duplex state is

N(23)
dec =

λd2 − 1
λd3 + d− 2

(
λ1− QTA
λd2 − 1

)(A2B2)

⊗ P(A3B3)00

+
λd3 − λd2 + d− 1

λd3 + d− 2

(
λ1+ QTA
λd2 + 1

)(A2B2)

⊗
(
1− P00
d2 − 1

)(A3B3)

with the threshold value η = 1
d .

f(ρ,Ndec) >
1
d ⇐⇒ tr[ρWdec] < 0

• The flip witness WF =
1
dF is a special case of Wdec with Q = P00.



Bell diagonal EWs

<latexit sha1_base64="fPy1Zut4+Nh672Bw8J33CD5JYhY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPVi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6uO55vXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+ien5/Xqnd5HEU4QiO4RQ8uIQa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8we6xY1y</latexit>

A1

<latexit sha1_base64="nldCXVjQXXLla3o8KRQsYrlvh9Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY+oF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD9e9Sq9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjlT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNStm7KFfvq6XaTRZHHk7gFM7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AvEmNcw==</latexit>

A2

<latexit sha1_base64="F1aBEjDiM+1PXAjlgyMzIekbfA8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEfUi0eM8khgQ2aHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3n1BpHslHM47RD+lA8j5n1Fjp4bp73i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7J3Ua7cV0rVmyyOPBzBMZyCB5dQhTuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4Avc2NdA==</latexit>

A3

<latexit sha1_base64="Dc5dj1RBWm1RbTpIApgwSCGMZW4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOpF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0UO97/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenl/WanV8ziKcAKncA4eXEMN7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QO8S41z</latexit>

B1

<latexit sha1_base64="7QbXbTNfqIG+1PYAzYgnoQSUyGg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHur9Sr9YcsvuAmSdeBkpQYZGv/jVG8QsjbhCJqkxXc9N0J9SjYJJPiv0UsMTysZ0yLuWKhpx408Xp87IhVUGJIy1LYVkof6emNLImEkU2M6I4sisenPxP6+bYnjjT4VKUuSKLReFqSQYk/nfZCA0ZygnllCmhb2VsBHVlKFNp2BD8FZfXietStm7Klfvq6VaPYsjD2dwDpfgwTXU4A4a0AQGQ3iGV3hzpPPivDsfy9ack82cwh84nz+9z410</latexit>

B2

<latexit sha1_base64="yaEQyZvMHrH+eYAohTs8w6XGOzk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeCF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD7XeZa9YcsvuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNi7J3Va7cV0rVWhZHHk7gFM7Bg2uowh3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8Av1ONdQ==</latexit>

B3

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="a6ql2g27xIRn3iVNsLZOWZX56gQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRC0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlbssjjycwCmcgwc3UIEq1KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AKC5jNY=</latexit>

H

<latexit sha1_base64="fE+HyfhOa2MudEYCRImTuiVPgt8=">AAACC3icbVC7TsNAEDzzJrwMlDQWERJVZCNeZQQNZZBIQEqs6HxZJ6fcna27NSKyQk3Dr9BQgBAtP0DH33AOLniNdNJoZndvd6JUcIO+/+FMTc/Mzs0vLFaWlldW19z1jZZJMs2gyRKR6KuIGhBcQRM5CrhKNVAZCbiMhqeFf3kN2vBEXeAohVDSvuIxZxSt1HW3O5LiQMs85jfQu5VATaZBgsJbA4hc9cddt+rX/Am8vyQoSZWUaHTd904vYVkxhAlqTDvwUwxzqpEzAeNKJzOQUjakfWhbqqgEE+aTW8bejlV6Xpxo+xR6E/V7R06lMSMZ2cpic/PbK8T/vHaG8XGYc5VmCIp9fRRnwsPEK4LxelwDQzGyhDLN7a4eG1BNGdr4KjaE4PfJf0lrrxYc1g7O96v1kzKOBbJFtskuCcgRqZMz0iBNwsgdeSBP5Nm5dx6dF+f1q3TKKXs2yQ84b59vuZyW</latexit>

fixed measurement setting

<latexit sha1_base64="JO7BxPw00Mo47kMJxHspzZO2QVY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKezG+DgGvXiSCOYByRJmJ7PJmNmZZWZWCEv+wYsHRbz6P978GyfJHjSxoKGo6qa7K4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo5up33qiSjMpHsw4pn6EB4KFjGBjpeZdL62cTXrFklt2Z0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxIRXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1L2Lsrn99VS7TqLIw9HcAyn4MEl1OAW6tAAAo/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AAiPjso=</latexit>

N23

• Bell diagonal EWs detect entangled Bell diagonal states.
• ρBD = λ0P00 +

∑d−1
s=1 λs

Πs
d is entangled iff ∃s : λ0 > λs.∗

• If ρ(1)sep is separable, then f(ρsep,NBD(λ⃗)) is upper bounded by λ0.
• A separable state σ = 1

dP00 +
∑d−1

s=1
1
d
Πs
d −→ f(σ,NBD(λ⃗)) = λ0.

• f(ρ,NBD(λ⃗)) > λ0 implies that ρ1 is entangled.
• Bell diagonal EWs contain

• Reduction witness Wred (decomposable)
• Choi witness WChoi (3-dimension, nondecomposable)
• generalized Choi witnesses (d-diemension, nondecomposable)

Chruściński, D. & Kossakowski, A. (2010). Bell diagonal states with maximal abelian symmetry. Physical Review A, 82(6).



Breuer-Hall witness

• Let U be a skew-symmetric unirary operator: UU† = 1,UT = −U.
• Let F′ = (1⊗ U)F(1⊗ U†).
• The Breuer-Hall witness and the duplex state

WBH =
1
d (1− F′)− P00

N(23)
BH =c0

1
d2

d−1∑
s=0

d−1∑
t=0

P(2)st ⊗ P(3)st

+ c1
(
1+ F′

d2 + d

)(2)
⊗ P(3)00

+ c2
(
1− F′

d2 − d

)(2)
⊗
(
1− P00
d2 − 1

)(3)

where c0 = 2d2−2d
3d2−3d+2 , c1 =

d+1
3d2−3d+2 , c2 =

d2−d+1
3d2−3d+2 .

• The threshold value η = 1
d .

f(ρ,NBH) >
1
d ⇐⇒ tr[ρWBH] < 0
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