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Introduction

“A startling aspect of topos theory is that it unifies two
seemingly wholly distinct mathematical subjects:

on the one hand, topology and algebraic geometry, and on
the other hand, logic and set theory.”

— Mac Lane & Moerdijk,
Sheaves in Geometry and Logic 3 & Y)
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g N )=

RIAAZERE X DRSS U ITR U T,
FU):={f:U =R ;Efx )}

EH<. AREBV CUICHUT, #REE ryv: F(U) — F(V)
(> flv) BEEDe £oT. X DBEARNHTMBEFEAZ
O(X) TRTES. REEE F: O(X)P — Set HME5N 3,

IS5ICFIFEEYENDEREFEVSIROEEZERD -

VU € O(X), V{U;}i : U DFE, V{/.}i € [[, F(U:) IS U,

{fiyihNi#4j = f’l"UiﬂUj = fj‘UimUj o (e RAN =

f e FU), Vi, flu, = fi
CDEIBRMBEERORERF F: O(X)P - Set DT &ZE. X
LTOEEWS, BF.GICRHULT, BAZMa: F = GZED
FEWwd, X LOENDEZ Sh(X) TKY,
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4 k& Grothendieck 7R X

Grothendieck &, BEREMICHIFIHLUVWIREOI —Hm=EHE
H£I3EHIT. OX) DEHLYICE C LOBROHEEER L.
CCTIROX)D “FEE WO T—FICHIET D, [CD
Grothendieck & J] WS TF—9MNEZ5N5, JIE. &5t
2CeCIT™U. C % codomain [CEDLDIBRHFDES 5\, D&E
FY JC)DoREY., BYRRBE®/RLEZIED !

J={J(C)eee, J(C)={S\}tn, Sr={fi:C;—Chi

#(C,J) & site &L\ D,

~ B F: C°P — Set [CT S GDERMMNEARTE,
(C,J) LDOBDE Sh(C, ) MW EE S,

Definition

Sh(C, J) DFDED _ & % Grothendieck FRZX &LV D,
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Grothendieck FTRXDMEE

Proposition
Sh(C,J) [& “Set 2IXL\” LLTFDOMHEBEZERD
> ERDIMERR - )\RIBRZRF D
> GRRERS. TN pullback TREND
> TERFEMIERT. Lo TNSFTVXBEICRD>TNSD
> exponential Z#fD
> subobject classifier ZHfD
K. IBEF i [(FBILETF a ZEBEHICHD -
a

<—
Sh(C,J), L , Set®”

7

LO TEABEF ay: C — Set®™ — Sh(C, J) K.
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FEFRADESE

Lawvere & Tierney [&. FRZXM Set EH@DHBEZZ<HFHFDO
EICEBULT, ROBRZERE :
Definition
locally small %t £ H
> BR7hR
> exponential Z#52 (7 /1)L ~EAE)
> subobject classifier Z#fD
EmlegeE, IFRRREWNS,

FinSet [Z#)5F F R X 72D Grothendieck bR XTI,

Grothendieck FRRIZDWTHISNTULW=BRDZL X, 15
FRATETED, T2, 1FMRRIT “EEOFH EBLE
T. CZICHEBZE DDA NEHINTZ,
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#% ~IRZXDEF (continued)

Definition

(1) € ¥ exponential ZFD & (F. FRDOMER X € £ITWHL T,
BRREF (-) x X: & - EDBEFENFET S EZL D, D
BhEEE (—)Y: € = £ ERT,

Home (Y x X, Z) ~ Homg (Y, ZX)

(2) £ M subobject classifier &I&. MR Q & true: 1 — Q DFE
(Q,true) THO T, ROEBMEZRFOLIBED !

EEDHR X EEAME S — X [T L. RDEZ pullback
FDLOIRE xvg: X — QODW—RICHFEET 5.

S——1

4 !
I ]ﬁrue Sub(X) ~ Homg (X, Q)
S
[

IR Z 35 & ESREERIEEE A DS Tl KE CRAHEEH)




N RZEBEHAFT : Grothendieck R &% R Toposes as Mathematical Universes FRERIEF & D R
0000008000000 0000000000 0000000

NFERRADHEE

> 15 bR IIBRRTTH

> ERDS f: Y - X [k BOBEERD | (EA) TEHCTE
JHADRRY - Im f— X T “RINDED”

Y%X §
\ 3\
Im f Imf/

> FEDHE X € £I2DVWT. RT5M1 B E/X [FMEFERKRR
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Logical Operations in a Topos I: Heyting Structures

> Sub(X) & Heyting REIDIBIEZHF Do meet & join [FIRD

B TEOND
SNT —T S+T——T
| Y
Lo e
N
Sr— X Sr— X

S = T & E/X D exponential ZAWLNTIESND,

> & /.Y = X [SRU pullback B4& f*: Sub(X) — Sub(Y)
[& Heyting {VEIDZEREY,

> Q[CIZ “internal Heyting algebra” D&M A D,

AV,=: OxOQ =0 —:0->0

& M Grothendieck FIRADEF(E, Sub(X) [F5EH Heyting ﬁiﬂ”
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Logical Operations in a Topos II: Quantifiers as Adjoints

> BEOBRHOH [ Y — X [CXBIRE I5: Sub(Y) — Sub(X)

S ---» HfS
I Y
vy o x

EZR™dE. I L fr OERICR S,
> I5IC f IFERERE Y, Sub(Y) — Sub(X) HFF D,

3
f*f 3S<T « 5< fT
Sub(Y) +~—— Sub(X)
1 [fT<S < T<VYT
Vi
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Local Operator
AIBME Set®™ H\5 site (C,.J) EDB LR Sh(C,J) D<K i
fEIE. FDFEHRR € AD—RILZER D,
Definition

#1% b IRX € D local operator (a.k.a. Lawvere-Tierney fif4g)
ElFk B Q= QTH> TROFEKXZEAHRICTDIED -

1 true 0 Q J 0 Q%0 VAN 0
\ JJ \ Jj lj X J JJ'
true Jj
A

9} Q) OxOQ——0

local operator j M5 5NBE. MR X c EMNj-EI &LVSH
BAERCTED, j-BNKRIED FRRZ & TRI,

FFCEEQRDD, double-negation local operator ——: Q —
T# Do £ |[EBoolean FRZ, ie. Sub(X) H¥ Boole {3,
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Local Operator vs. Grothendieck Coverage

Theorem
(1) B C £D Grothendieck #7& J &. BIEE Set®” £ local
operator j [&13xF 1 [CXHIRT Do
(2) EDFRICEVWTHIBT D J & IZTDULWT, F: CP — Set
MNI-BTHDZ &L j-BTHDZ &IFHEE,
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Sketches of an Elephant

In his books Sketches of an Elephant (2002), Johnstone described as follows;
(i) “A topos is a category of sheaves on a site’
(ii) “A topos is a category with finite limits and power-objects’

(iii) ‘A topos is (the embodiment of) an intuitionistic higher-order theory’

(iv) ‘A topos is (the extensional essence of) a first-order (infinitary)
geometric theory’

(v) ‘A topos is a totally cocomplete object in the meta-2-category CART of
cartesian (i.e., finitely complete) categories’

(vi) ‘A topos is a generalized space’

(vii) ‘A topos is a semantics for intuitionistic formal systems’

(viii) ‘A topos is a Morita equivalence class of continuous groupoids’
(ix) “A topos is the category of maps of a power allegory’

(x) ‘A topos is a category whose canonical indexing over itself is complete
and well-powered’

(xi) ‘A topos is the spatial manifestation of a Giraud frame’
(xii) ‘A topos is a setting for synthetic differential geometry’
(xiii) ‘A topos is a setting for synthetic domain theory’
R Z 385 & EEREERIEEE A DS\ T KE CRAHEEH)
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Sketches of an Elephant

In his books Sketches of an Elephant (2002), Johnstone described as follows;
(i) “A topos is a category of sheaves on a site’
(ii) “A topos is a category with finite limits and power-objects’
(iif) “A topos is (the embodiment of) an intuitionistic higher-order theory”

(iv) “A topos is (the extensional essence of) a first-order (infinitary)
geometric theory’

(v) ‘A topos is a totally cocomplete object in the meta-2-category €ART of
cartesian (i.e., finitely complete) categories’

(vi) ‘A topos is a generalized space’

(vii) ‘A topos is a semantics for intuitionistic formal systems’

(viii) ‘A topos is a Morita equivalence class of continuous groupoids’
(ix) “A topos is the category of maps of a power allegory’

(x) ‘A topos is a category whose canonical indexing over itself is complete
and well-powered’

(xi) ‘A topos is the spatial manifestation of a Giraud frame’
(xii) ‘A topos is a setting for synthetic differential geometry’
(xiii) ‘A topos is a setting for synthetic domain theory’
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Two Logical Aspects of Toposes

OYw IRRERNSIE. MRRICEEC 2 DOAENH S
» Toposes as Mathematical Universes
> “hNRZAOHPT” BEEEEEZS5ND
> KEmCHEROBERIBRESZA S5ND
» Toposes as Theories
> R RRAM “WIET D" ERDDE HIRR)
> BROETIWVED|ERINSDEFERBES

B U MRRZERABRRAD SN SN DDNRADFEFH |
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Structures in a Category

—MROYZICHWT, BICHITHRBHINRZEEZ DHEITSL)
Definition (B¥XJ2)

C =EBRBEBERFOBET D, CICHITDEHRREE. MR G, 5
m:GxG—=G,e:1—G,i:G—GDH (G,m,e, i) THDT.
}R@Eﬁ’éﬁﬁﬁ‘lciﬁd:'B@BO) :

(&R (G x G) x G ——— G x (GxG)

m X idJ Jid X m

GxXG—— G GxG
m m

(eolg, id)
ﬁ $1_Lj1: G—GxG
(2,1d) (id, 7)
/ \ e %\Jm
de
GXGHG(*GXG GXGTG
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[RFEmEENDEEIR

EEZNRR (or ITFZERIRT 2DICHDBIEBEEROB) &9 %,
%) —hEELICHUT., L4BEMITUTOEYHT :
> V=~ AICHU, R AMc €

> BIA=A- A4, ITHL. AM =AM x - x AN

> EHELS ¢ AICTHU B M1 - AM e

> KEEES f: A A, — BITRU, §F fM: AM 5 BM e g

> BRECS R: Ay -+ A, [CXFU., B RM — AM e €
FDERKIC K YIRIHRRIIC, ¢ A — B DR M. AM — pM

NEF D, RFHRIER R(t1,...,tm), s =t DEERIE. XD
pullback ZAWTIHESNS :
[R(®)] 4 RM [s =ty ———— BM
T
() (sM, M)
AMxox aM T pM oy BM AM o x AM T { pM  pM
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smEEE e T DERIR

RIBEE FIEEB AR ML T Heyting A3 Sub(AM) DEEZE

> CEAICERT 3,

[o(@)] pq > [9(2)] 0 € Sub(AM) i
~ [ ANl ags Te Volag, [mel s [ = ¥l € Sub(AM)

CCTo(r): AICRBNRBEBRE v : B ZEINT I,

[e(x, )y —— [e(@)] v

[ J [
proj;

AM x BM —————— AM
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(—B&ED) ELECSDEER

SR ¢ (@, y) : AB IS UL Byt Yyl ZRTEDD
B8 7 := proj;: AM x BM — AM HSFE I N DhEM
3

Sub(AM x BM) % Sub(AM)
_—

Vr
ICEXY By v = I [ VY] o = Vr [] y EH <o
LILET, #E M ICHT2—RREBROBR o]\ — AM DER
TNz, HICEIRERN S [, — 1 HB5NSB. ERPET
IVEELBER TERIN S,

& 1¥ Grothendieck FRZMDEEF X, Sub(X) HM5eliE Heyting 1%
FR2DT. H2BOERHBIEN \/ 220 & 30 RARGRER TR
MIBENTED,
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kIRZ DWBREEE: Mitchell-Benabou language

SEIE—ROSEHBOBBIRTIIRL, F R EHNBEEND
Mitchell-Benabou language Lz DEERRICIREL TR T Do

Le lFLULTDT—IDS5RKD
> BERXYV-FDES{"X"; X &}
> FHHESOES ("X Y f: X Y e}

EOERFRAI: s: U= "X, t: "V 5 TY T ZEHET B,
T : "X [CHUL, Ba: "X "X

BREEES "X ="YX U, B flos: TUT YT
B (s,t): " UxV' "X xY"

Y=XQ&S, B(s=1t):TUxV1-Q]

Y =ZXDES, Wi(s): " UxV'1="Z7  (HEOER)

vVvvyYyyvyy
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kRZ DAWBREEE: Mitchell-Benabou language (continued)

> Y =Q¥DET. B(sct):"TUx V' =Q7
> U=YxVDEE, By :"YITHL.
B (\y.s): V1= "XY" (Curryfb)
Bt: "X = Y SERSER [, X - Y ERD,
Definition

0: "X T OFOEERER S D,
HRERDERR (0], : X — QE X OBORREA—FRTE 2,

Q £ internal Heyting #&ZRWL T, FREN ¢, ¢ [T UL.
BoAY, oV, —p, o =1, Jyp, Yye DEFRIEE D,
(BN REDE—FRICEKY . —FERIBERDIZE DIERNE & i)

CHIERRE” H\SESNDEFEZE—MRICHEREEEE V) 3, )
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Kripke-Joyal b5
Le ZRAVT AR € ZAXNBEICIE. ROEBKRNAL OGNS,
Definition (Kripke-Joyal ZIK5#)

e: "X TN ER a: U — X ITHU.
UlFpla) & ot o] — X ZBLTHRT S

Proposition
HERO= 0 AU, 0V, ~, o =1, Ty, Vyp TS DBEHR
Ul-6(a) & o, ¢ [EXT D IFERERVTRETE S, HIZIE
> Ul o(a)Vip(a)iff B p: V - U, ¢: W — U BEEL T,
ptaq: VAW = UBTEFDNDV I olap) DD W Ik ¢(aq)
> UlFJyp(a,y) iff TEH p: VU & B: V =Y BMFEL
T, VIFo(ap,B)

IR Z 35 & ESREERIEEE A DS Tl KE CRAHEEH)



R IRZIBEHAFPT : Grothendieck iR &% FRZ Toposes as Mathematical Universes FREVRIESF & 98 R IR
0000000000000 0000000000 0000000

Sheaf Semantics I: BIEBDIZS

& ¥ Grothendieck FRZR Sh(C,J) DIFEEEZ D, WERC eC
(XU, ayC IF p(a) ZBEEIC CIF p(a) EE<L, T
a:ayC — X [Fae X(O) EMRT D EITER,
B2 € = Set’™” DEFE, KJBEHRBICOVWTRARYIID :

> CIF p(a) V(a) iff C I p(a) F2IE CIF ()

> C - Jyp(a,y) iff 3 B € Y(C)DMFEL T C IF p(a, B)

CDBAF. BEFEHRRIEICHT D Kripke BERERY. ETIVIE
MICH T BRI EFADUNG B,
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Sheaf Semantics II: Cohen FTRADBS

IBFEA P IR LT, Sh(P, ——) ~ (Set™)_, £ % 3,
CDEET KJBHERICDOVWTRMKWILD -
> pl-p(a) Vila) iff FRBD ¢ < plIZTHUT. 5 r < ¢HF
FEUT, riFg(a-r) T&Erikg(a-r)
> plk Jyp(a,y) iff FED ¢ <plICHUT. bdr<q&
BeY(r)WFELT, rikp(a-r8)
ZDHAIE. Cohen MEEFLEICRID WU N B D,
~ B RER Z T2 TRV M IR Z OB R E

COfEICE. € D realizability topos (Z#1IE Grothendieck kiR
ATIFV) DHBEREC K] BHRARDILAN S S,

=, BROmEEZ. NESEICET IMEHRBICL > TRI
EMTEB,
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Lawvere DK FHIERR

FXIER T IS L. JRD K D7 syntactic category Cr ZEZ D -
TR Ob(Cr) :={[n];necw} ([n] IFHABITRIR)
1 Home,([m], [n])
= {(t1,...,tn) ; m BIEDIAD n-tuples } /~
RIEVLICT. t~s <= THVz )\, ti(z) = si(x)
CDEE, Cp [FARERER DB ([n) =[1] x - x [1]
TSIC. T-REM DS
t: [m] — [n] — "M M™ - M
[CELDT. BREEFRDOEF Fuy: Cr — Set ’M85ND, ZDORIL
M = Fy [XRDEREZEFS :
T-Alg ~ FinProdFunc(Cr, Set)
—MRIC BERICEZ] TETIVICEHFZ] WIS B 5L 5 0RHHEA
EFEFHRERRE D, CARBRIREZICHVNTE. BFH
RIRREBRT SONRIDATY T8 D,
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— R EEFRIE DR F R R

LUFTIET IR, € |& Grothendieck bR &T B, Feib
Uz bR EIEHITD T-EFIVISRHULTE, FRIEREFERDC
EMNTED, BIZIE. T M cartesian logic &IFEN S Taad
TNTUVBDES, syntactic category Cr &
HE Ob(Cr) = { p(x) : HIBR )
& Home, (¢(2),v(y)) = { x(=,y) ; FEGHEN }/~
C T BN x(x, y) NEEGRIENX TH D &I,
vEvy[x = ¢ AY], Va[e = Fyx]

MT HSEEARIEE CH D CE&E D,
TEHDE. [ERARESZIDEF] EHBIMMICEY,
T-Mod(€) ~ Lex(Cr, E)
U I EIEHTD T-ETIVEERBDE. HIFHRRE
FRERDOEF & BAREIRDE.,
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Godel DL

syntactic category Cr [&. T NS DIEFARTREMDIBHRZHF D !
TEyp < & ¢— (Vz.x = z) BNEES

T T, Godel DZLHERBIIHFHERRAEZNTL TRDL DR
BaimBE NN T S

(B RERIMEEERD) BWFDIX {Fi: Cr — Set}; NMFEL
T, EEDS f e Cr IS L.

Vi, F5(f) hEES — [ BEHEES

QGDJ:DL_\ OJvw VHBREZERNICKIRT S & TmEEE
SMOBMRMEZRAND &N, BmrEREFIORET 28R THh D,
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—FEIESRD LR F IR

DHEFRIADBRIC KLY, EBim%E Mathematical Universe & U T
D L IRREB U LERICKEF> TULNTF B : syntactic category Cr £IC
BEYA Grothendieck 88 Jr 52 % &, Jr-EHEEEHF

F:Cr — ENS FIRZADEMAAET Sh(Cr, Jr) = &€ NE5NS,

Sh(Cr, Jr)

ay[

N
Cr —
T I &

Jr-EZEEDMBRDRFREICHIRT DL DI Jr ZER L THITF
[ SROBERIEN TSNS !

T-Mod(€) ~ Cont ;. (Cr,E) ~ Geom™(Sh(Cr, Jr), &)
C Z T Geom*(F, ) TG & BAIMZIDE, CDLD%R
EEMEERF D NRRZE T DFFERRZEWV, Set[T] TR,
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S48 KR RS

Grothendieck FRX € [Cx U TI&. M-B language & [3£2%
—FEDOREREES LU D LDERAHIESR T ZHBK TS,

& ~ Set[Tg], Geom*(&,F) ~ Te-Mod(F)
DR - BAEFEZEN U TRARIER S MR ZETERLUT,
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