A PRIORITY ARGUMENT IN DESCRIPTIVE SET THEORY
(A VERY DETAILED EXPOSITION OF SEMMES’ PROOF)

TAKAYUKI KIHARA

ABSTRACT. In 2009, Semmes announced that a function f on Baire space is decomposable into
countably many Baire-one functions with GGs domains if and only if the preimage of a F, set
under f is Gso,. In this report, I will outline Semmes’ proof with the emphasis on the use
of a finite injury priority argument, but not a game-theoretic one, and try to clarify how his
argument works.

1. INTRODUCTION

1.1. Background. In 2009, Semmes [4] announced a result extending the Jayne-Rogers theo-
rem [2]. Since then, a number of experts tried to clarify and simplify Semmes’ proof, cf. [1].
Semmes’ original exposition of his proof have laid emphasis on game-theoretic arguments. In this
report, we will take a completely opposite approach: As is well known to experts, no determi-
nacy argument has been used in Semmes’ proof, and therefore, removing all the game-theoretic
machineries makes the proof much clearer. Instead, we will put an emphasis on the use of finite
injury priority argument.

In particular, we do not use Theorem 4.1.1 in Semmes [4] characterizing the Baire class 2
functions by the game G 3 (which is called Mistigri in [1]). This causes a few minor changes
in the proof. For instance, our conditions (x) and (*x) in pp. 9-10 are slightly different from
the ones in Semmes [4, p.45 in Theorem 4.3.7]. As a consequence, the way of our exposition is
slightly different from the original one; however, all of the essential ideas are already contained
in Semmes’ original insightful proof.

1.2. Notations. [0] is the clopen set generated by ¢ € w<*. An open set in w* is said to be
finitary if it is of the form (J . p[o] for some finite set F' C w<*. If a string o is an initial segment
of 7 then we write ¢ C 7. If strings ¢ and 7 are incomparable then we write o L7. For a function
f: X =Y and A C X, we use f|4 to denote the restriction of f up to A. Let I' and A be
pointclasses. We write f~'T' C A if the preimage of each T set under f is A, that is,

AcT = f Al € A in dom(f).

For example, f is X0-measurable if and only if f~1X{ C =Y holds.

If F is a class of functions, we also write f € dec(F/I') if f is decomposable into countably
many F-functions on I' domains, that is, there is a countable I" cover (X;);c, of the domain of
f such that f|x, € F for each i € w.

We also use ¥ to denote the class of X)-measurable functions. For instance, the Jayne-Rogers
theorem [2] can be stated as follows.

f1E)Cc =) «— dec(x}/m?)

where f is a function from an analytic subset of a Polish space to a separable metrizable space.
It is easy to see the following (see Motto Ros [3] and Semmes [4, Lemma 4.3.1])
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Observation 1. The following equalities hold.
dec(=), /I1%) = dec(=, /£,,) = dec(dec(S, /I1%) /51, ).

2. PROOF

In his PhD thesis [4], Semmes showed that the following equivalence holds.
1 C ) «— dec(=)/119).

The right-to-left implication is clear. Moreover, the condition f~!%9 C %9 always implies
that f is ¥9-measurable. Thus, to verify the above equivalence, it suffices to show the following:

Theorem 2 (Semmes [4]). Suppose that f : w* — w* is B3-measurable. Then,
f ¢ dec(E5/1Ly) = f7'%) Z 35,

2.1. Transfinite derivation process. To prove Theorem 2, hereafter we fix a X3-measurable
function f : w¥ — w*. Then, the preimage f~![o] of a clopen set is 9. Therefore, it can be
written as a countable union of IIJ sets, say f~'[o] = U,e, filo]. This decomposition f[o]
is the replacement for the game G 3 in [4] or the Mistigri in [1]. It looks too simple, but it
certainly works.

Let D be a subset of w¥, and put h = f|p. Then, define h}[o] = fX[o] N D. In Section 2.1,
we will present an essence of the argument of Semmes [4, Lemma 4.3.3].

Given X C w*, we define [X; h]} as follows:

[X;h)f =X\ U{J : hlpnxnn-1[o] € dec(29/119)},
where J ranges over open sets in w“. Moreover, given Y, we consider the following [Y; A} .
[Y; h];,s = CIY(hZ[U])7
where clz A is the topological closure of a set AN Z in a space Z. We call the above procedure a

To-derivation (or a t-derivation) and a %, s-derivation (or a -derivation), respectively. Clearly,
(XA} and [Y; h]; s are closed subsets of X and Y, respectively. In Semmes’ thesis [4, Lemma
4.3.3], a f-derivation and a x-derivation are called a =E-operation and an Q-operation, respectively.

We fix h, and simply write X} and Y for [X; h)l and [Y; R s, respectively. We iterate these
derivation procedures:

Hf,{s =w",
1
Hy 't = ((H5 )55 s
Hy = ﬂ H(é,s if o is a limit ordinal.
B<a

Note that there is a countable ordinal (o, s) such that HZ,(;”S)“ = H;/,(SU’S) since (Hg )a is a
decreasing sequence of closed sets in w®. Clearly, v = sup, , v(o,8) + 1 is a countable ordinal
since Nj is regular.

We divide the set D into three pieces. We first define the (o, s)-kernel to be

Ky oh = H}(7),

We say that a point € X is generic if for every (o, s), either z € h~![o] or there exists a such
that x € (HgS)E \ H{t (that is, 2 is removed by a 4 s-derivation). Define K =DnN Uy.s Ko,sh,
G to be the set of all generic points y € D \ K, and A to be the set of all other points in D.
Note that = € A iff + ¢ h=![o] holds, and x must be removed by a {-derivation for some (o, s).
Proposition 3.
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(1) AcA), GeAY, and K € 39, in D.
(2) hlg is X9-measurable.
(3) hla € dec(X9/119).

To see this, we need the following characterization of the set A.

Claim. Suppose z € D\ K. Then, z € A if and only if there are (09, o), (01, 1) and ag, a3 < 7y
such that [oo] N [o1] = 0 and x € Hy' \ (Hg;sz); for every i € {0,1}.

Proof. The condition = ¢ K means that for every (o, s), there is a(o, s) such that z € Hg,gg’s) \

Hif’s)ﬂ. Now x € D and thus h(zx) is defined.
If z € A then = € h™![og] holds, and = must be removed by a f-derivation, that is, 2 €

HZo 0\ (H?S,SO)LO where o = (09, sp). Since h(z) & [0p] and since o is nonempty, there is o}

such that [og] N [o1] = 0 and h(x) € [01]. Let s1 be such that x € h} [01]. Note that for any
Z, x € Z clearly implies = € clz(h}, [01]). Therefore, 2 is not removed by a %4, s, -derivation,

and thus x must be removed by a f-derivation. More precisely, for all «, z € (Hg, SI)LI implies

x € HY ; hence by putting a1 = a(o1, s1), we get 2 € HZ! '\ (Hg‘I{Sl)LI as desired.

We next verify the converse direction. Let  be a point in D\ K satisfying the latter condition.
Since [og] N [o1] = 0, we must have x & h™![o;] for some i < 2. Then, the pair (o, s;) witnesses
that x is removed by a f,,-derivation. This implies that x is not generic. Hence, under our
assumption that x ¢ K, we have z € A as desired. O

Proof of Proposition 3. (1) By definition, clearly K € X9 in D. Hence, by the above claim, A
is 9 in D\ K, and thus A is the difference of two XY sets in D. Then, G is also contained in
a finite level of the difference hierarchy over X9 in D.

(2) Suppose that x € G. Then, = is generic, and z ¢ K. Given (o,s), Let a(o,s) witness
z € K as in the previous claim. If z € h™![s], there is s such that x € h}[o] by definition.
Then, as mentioned in the previous claim, x is not removed by a *-derivation, and thus removed

by a f-derivation: For all o, = € (Hg‘s)zr, implies * € HYH!: hence x € Hgi(sg’s) \ (H?(S”))(T,

0,8
If x ¢ h™![o], by our definition of genericity, = is always removed by a x-derivation: For all

s, there exists a such that = € (H?S)I, \ H¢t', which means that 2 € (HC‘,‘,S”S))L \ Hi&“’sHl,
Consequently, whenever z € G, for any o,

reh o] <= (Ba<y)Fscw)ze Hy o\ (Hgs)z

The latter condition is clearly 9.
(3) Let (04, si,;)i<2 be a witness of x € A as in the previous claim. By our definition of the
t-derivation, for Z = HZ° . N HY | there is a neighborhood J of x such that

70,50 01,517
hlprzo\h-1[0:] € dec(X9/I13).

Clearly, [og] N [o1] = 0 implies (J \ A t[og]) U (J \ h™t[o1]) = J. Since E3-measurability
of h and zero-dimensionality of w* implies that h~l[o;] is A} in D, both J \ h~![og] and
J\ h71[o1] are AY in D. Hence, h|pnzns € dec(E3/AY). Since there are only countably
many candidates for such a witness (o, $;, ;)i<2 (because a; < ), h|a is decomposable into
countably many dec(X9/Ag)-functions on closed domains (HZ° . N HZ! | N J)og.s0,00,01,51,01,J-

Hence, by Observation 1, we conclude h|a € dec(X9/AY). O

2.2. Chain of kernels. As a consequence of Proposition 3, we obtain the following key lemma.

Lemma 4. If h € dec(XY/I1Y), then K is nonempty.
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Proof. If K is empty, then h = h|a U h|g. By Proposition 3 (2) and (3), we have h|a,h|g €
dec(X9/119). Since A and G are AJ by Proposition 3 (1), we also have h € dec(Xy/II}) by
Observation 1. O

In particular, there is (o, s) such that the (o, s)-kernel K, sh has an intersection with D. Note
that K, sh is closed in w*” even if D is not. It is easy to see that K, h C cl,oD. This K,
corresponds to T in the statement of Semmes [4, Lemma 4.3.3]. Hereafter, if L is a closed set
and p is a finite string, we write p € L if L N [p] # 0, that is, we often identify a closed set with
a pruned tree.

2.2.1. The x-derivation. The x-derivation procedure for h = f|p ensures a density condition for
K, sX. This observation corresponds to the second property of 7" in Semmes [4, Lemma 4.3.3].
We say that a triple (K, o, s) of a nonempty closed set K, a finite string o, and a natural number
s is a bi-density triple (w.r.t. f) if

(D1) f¥[o] is dense in K.

(D2) f/[r] is nowhere dense in K whenever o L7 and t € w.

Let Q be the set of all bi-density triples. The following proof is an analog of [4, Lemma 4.3.2].

Observation 5. For any D C w®, o and s, we have (Kqs(f|D),0,5) € Q.

Proof. Put h = f|p. The x-derivation procedure clearly ensures that h}[o] is dense in Kj sh.
Hence f}[o] is also dense in K, sh, that is, (D1) holds. Suppose for the sake of contradiction
that the item (D2) fails. Then f;[r] is dense in K, sh N [n] for some n € w<¥, and fZ[o] is also
dense in K, shN[n] by (D1). By definition, f*[¢] and f*[r] are IT in the Polish space w*. Thus,
both are intersections of sequences of dense open sets in the closed set K, shN[n]. By the Baire
category theorem, f¥[o] and f;[r] have an intersection. However, o L7 implies [o] N [7] = () and
thus we must have f*[o] N f[7] C f~ o] N f 7] = 0. O

2.2.2. The T-derivation. The f-derivation procedure ensures an indecomposability condition for
K, sh. This observation corresponds to the first property of 7" in Semmes [4, Lemma 4.3.3]. We
say that a triple (L,p; V') of a nonempty closed set L, a finitary clopen set V', and a finite string
p € L is an indecomposability domain (for f) if

(Vg€ L)lqdp = flpags-1[v] € dec(E9/T19)].
Let IL; be the set of all indecomposability domains. The f-derivation procedure ensures the

following.

Observation 6. Assume that f|p ¢ dec(X9/I19), and that D and f~[U] have no intersection.
Then, there exists (o, s) such that (Kqs(f|D),e;UUJ0]) € L1, where e denotes the empty string.

Proof. Put h = f|p. By Lemma 4, there is (o, s) such that K, sh is nonempty. By definition of
a kernel K = K, ,h, we have K} = K. Note that DN f~1[U] = 0 implies that D\ f~![U Uo] =
D\ flf¢c] = D\ h!o], and f and h agrees on this set. Therefore, by definition of the
t-derivation procedure, we have the following.

Flrngs-1wue] 2 FIpnknig -1 vue] = Mbrkng\n-1]0) & dec(X9/I19)
for any ¢ € w<*. This means that (K, sh,e;U U [0]) is an indecomposability domain. O

The following states the basic properties of ;. The proof of the latter corresponds to [4,
Lemma 4.3.1].

Observation 7. (1) If (L,p; V) € Ly, then for any V' CV and q € L with ¢ 3 p, we have
(L,q; V') € L.
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(2) For any pair (Jo, J1) of disjoint finitary clopen sets, if (L,p; V') € Ly then there are q € L
with ¢ J p and i < 2 such that (L,q;V U J;) € L.

Proof. (1) Obviously, if fl4 ¢ dec(Xy/I1) and A C B then f|p ¢ dec(X9/I1J). Now, note
that L[]\ f~V] € LOfp]\ (V7]

(2) Otherwise, (L,p; V' U Jo) & L1 means that f[rngs-1vusy € dec(X9/119) for some ¢ € L
with ¢ 3 p, and similarly, (L,q;V U J1) € Ly means that f|;qp) p-1jvug,) € dec(X9/1135) for
some r € L with » J ¢g. Since Jy and J; are disjoint, we have

(LAEDN SV = @A\ TV UL ULNF]N fTHV U,

By Zg-measurability of f, f7HV NJ]is Ag, and therefore, again by Observation 1, we can see
that f|pqp p-1v) € dec(E§/I19), and thus (L, p; V) & Ly since p E v € L. O

Definition 8. We say that ((L¢)s<q,p®; V) is an indecomposability layer if

LOQLl 2 "'QLa—l QLa’
(Lq,p*; V) is an indecomposability domain, i.e., in Ly,
(Vg® 2 p»)(3re=t T ¢*) ((Ly)p<a,m® 1 V) is an indecomposability layer,

where g% ranges over L, and 7! ranges over L,_i. Let L be the set of all indecomposability
layers.

According to Semmes’ terminology, ((L¢)e<a,p®; V) is an indecomposability layer iff p® is
(Lg¢)i<q-V©-good. The following corresponds to Semmes [4, Proposition 4.3.4].

Observation 9. If ((L¢)¢<a,p™ V) €L, ¢* € Ly, and ¢* 3 p?, then ((Le)i<q,q*; V) €L
Proof. By Observation 7 (1). O

The following is a restatement of Semmes [4, Lemma 4.3.6] in our language, which generalizes
Observation 7 (2).

Lemma 10. Let (Ji)k<m be a collection of pairwise disjoint finitary clopen sets. If (L,p*; V) €
L, then for all but |L]| many indices i < m, we have (L,q% V U J;) € L for some ¢* J p®.

Proof. First assume that |£| = 1. In this case, (£,p;V) € L just means that (L,p;V) € L.
Thus, Observation 7 (2) clearly implies the assertion for |£| = 1.

Consider the length |£| = a + 1. In this proof, superscripts of variables z%, %!, etc. will
indicate that ¢ ranges over L,, y®~! ranges over L, 1, etc. We put S? = {q¢* : (La,q%V UJ;) €
Li}and SL, = {¢* ' : (Le)e<a, ¢ 15V UJ;) € L}. By Observations 7 (1) and 9, S; and S%, are
open in L,. By induction, we assume the assertion for the length a, and fix ((L¢)s<q,p*; V) € L.
Since the third condition of L. implies that, given ¢ 3 p®, ((L¢)i<a,7® V) € L for some
r¢~1 3 ¢, we get the following by the induction hypothesis:

(IH) Given ¢® J p, there is r*~! J ¢ such that for all but @ many indices i, u®~! € Si<a for
some w1 3yt that is, S, N [r*=1] £ 0.

Note that (IH) implies that given ¢® J p?, for all but a many indices 4, SL, N [¢%] # 0.
Now we start to verify the assertion. By definition of L, it suffices to show the following for
all but a + 1 many indices ¢ < m:

(1) (3¢* I p7) [¢" € S; and (Vr§ 2 ¢*) (3¢~ D rf) {7t € SL,).

Case 1. For any i < m, S! is dense in L, N [p?].
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In this case, (;_,, S¢ is also dense in L, N [p?] since the intersection of finitely many dense
open sets is again dense. Let E be the set of all indices j such that the condition (1) fails. If
j € E, then since S is dense in L, N [p?], the failure of (1) implies that

(Ya§ 3 p*)(Frg 2 ab)(vri™" 2r) i~ & SL,.

Consider exty 157, = {¢*' € Lo_1 : (vr* 1 3 ¢* 1) 721 ¢ §7 1, the exterior of 57, in
Lq—1. Clearly, ext,—15%, is open, and the above formula says that if j € F, then ext,_15%, is
dense in Lo N [p?]. Therefore, ;cp extq—15%, is also dense in L, N [p?]. In particular, there is
q* 1 p* such that

(Vj € B) 82, N[ge] = 0.
However, by (IH), for all but @ many indices j, S%, N [¢?] # 0. Therefore, we have |E| < a.
Case 2. There is i < m such that S¢ is not dense in L, N [p].

In this case, L, \ SZL contains a nonempty open subset of [p?] in L,, that is, there is ¢* J p°
such that ¢ € L, \ S, for all g§ J ¢*. By Observation 7 (2), if j # i, then for any ¢§ 3 ¢“, there
is ¢f 3 g such that ¢f € S3. In particular, S5 C L, is dense in L, N [¢°]. Hence, Sy is
dense in L, N [¢%].

Let E be the set of all indices j such that the condition (1) fails. If j € E, j # i, then since
S7 is dense in L, N [¢%], the failure of (1) implies that

(Va§ 2 ¢*)(3r§ T gg)(vri™ ) ri 7t ¢ 5L,
Thus, by the similar argument as before, we get ¢¢ J p® such that
(Vi € B\ {i}) SL, N [gs] = 0.
As before, (IH) implies |E \ {i¢}| < a. Hence, |E| < a + 1. This concludes the proof. O

i#j<m

2.2.3. Semmes conditions. We now introduce a key notion, which we call a Semmes condition.

Definition 11. A tuple ((L¢, 04, S¢)e<a,p*, V) is called a Semmes condition if
((Le)e<a, p®, V) is an indecomposability layer, i.e., in L,
(0¢)e<q is pairwise incomparable, and o, € V,
(Lg, 04, 5¢) is a bi-density witness, i.e., in Q, for all £ < a.
Let S be the set of all Semmes conditions. We say that ((1y, 00, S¢)i<a,q% V') € S extends
((To, 00, 50)0<a; P, V) €S if
T, CTo1,V' 2V, 0,¢V,and ¢* Jp*!

We will need to ensure that a Semmes condition always has an extension. We utilize the
indecomposability condition to construct an extension. The following lemma is buried in Semmes
[4, p.37 in Theorem 4.3.7]

Lemma 12. Let T and L;, i < c, be bi-density witnesses, and (T,p* 1, V), (L, p;, V) are
Semmes conditions. Then, there are T' 2 T, ¢* 23 p® 1, pi 3 p;, and V' O V such that
(T",q% V') extends (T,p* 1, V), and (Li,pi, V') are still Semmes conditions.

Proof. Let T = (T¢)e<q be given, where 7Ty is of the form (7y, 14, t,). We will construct T,. We
claim that for any z, there is a sequence (T*1, g2 +1,On)n<z such that (gf,)n<. is increasing,
T, 12Ty 2T, 2---2T; DT,

(0n)n<» is pairwise incomparable,

(Tt qp 15V Uloy]) is an idecomposable domain, i.e., in Ly, for any n < z,
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We first define TO = T,_1, ¢¢ = p®~ 1, and Uy = 0. Since (T,p* 1, V) €S, (T2, q%V U Up)
is an indecomposability domain. Assume that we have constructed (TS, ¢¢ 11, 0s)s<n fulfilling
the above claim. Put U, = [J,_,[0s]. Inductively assume that (77, q;; V U U,) is an indecom-
posability domain, that is, f|p & dec(X9/I19), where D = TN [¢2]\ f [V UU,]. By applying
Lemma 4 to h = f|p, one obtains oy, s, such that

0 # T = Ky, 6. h C clyw(D) C T2 N (gl

Since D and f~![V U U,] have no intersection, by Observation 6, (T"*! &;V U U,11) is an
indecomposability domain, and so is (T**1,¢%; V U [0,,]) by Observation 7 (1). This verifies the
third requirement of the claim whenever ¢ C ¢%,, € T2+

To ensure the second requirement of the claim, we may need to choose a subsequence of
(st 4%, 1,0s)s- As seen in the proof of Observation 5, b} [0y,] is dense in Tn*1. In particular,
h~ton] 2 hi, [04] is nonempty. Since h™ [V U U,] is empty, we have [0,,] Z [V UU,]. Note that
V U U, is generated by a finite set I, of finite strings. Moreover, the condition [o,] Z [V U U,)]
means that either o, is incomparable with any elements in I,, or o, is an initial segment of
an element in I,,. However, since I,, is finite, there are finitely many o,, satisfying the latter
condition. Let j(n) be 1 plus the number of such strings. Hence, given s, if ¢ is sufficiently large,
t > s+ j(s) say, then we must have oy is incomparable with any strings in Lg. In particular, oy is

incomparable with o, for any u < s. Define h(s) = >_, . j(u). We now replace (T g8, 00)

with (Tg (n)H, q;.l(n) +10 0j(n))n<z, Which satisfies all conditions of the claim.
We now have two cases.

(vr® 2 gi)(Fu" 3 7%) (TW)i<a, u®™, V U [on]) € L,

where 7% ranges over T and u%~! ranges over T, 1. In this case, by combining with the

third condition of the previous claim, we get that ((1})¢<a T, ¢%,V U[o,]) € L. Then define
qpi1 = qpn- Otherwise, we have

(Fr* 3¢9 (Yu "t 37 (To)e<a u™, V U [on]) & L.

In this case, we define ¢, | = r%. In any case, q;, C ¢;,1 € T)7 1.

Let E be the set of all indices n < z such that the second case applies. Recall that
((Te)e<ar 241, V) € L and (0n)n<. is pairwise incomparable. Therefore, by Lemma 10, for
all but @ many indices i < z, we have ((17)s<q,u*"',V U [0;]) € L for some u®~! J ¢2, ;. This
means that |E| < a. Hence, for all but @ many indices n < z, the first case applies, and we get
that ((T)e<a”To+, g4y, V U o)) € L.

Put z = a + b+ 1, where b = Y .__|£;|. Then, |2\ E| > b. By Lemma 10, there is
n € z \ E such that for all i < ¢, we have (L;,p},V U [o,]) € S for some p; 3 p;. Finally, put
To = T8, go = ¢4 and V' = V U [03,]. By our choice of (op, s,) and by Observation 5, we
have T, := (To,0n,5n) € Q. Put 7" = (T¢)e<a- Then, we get (T7,¢%, V') € S, and it extends
(T,p*~ 1, V) as desired. O

Later our construction will make an injury (in the sense of a priority argument), which may
decreases the length of the Semmes condition. We say that (77,¢%, V') € S is a shortening of
(T,p% V) € Sif T is an initial segment of 7, V' =V, and ¢* 3 p® The following corresponds
to Semmes [4, Proposition 4.3.5].

Observation 13. Every Semmes condition (T,p* V) has a shortening of length £ for any { <
|71

Proof. Let a be the length of 7. Since ((T});<a,p% V) € L, one can find a sequence p®~! C
p*~ 2 C ... C p’ such that ((T});j<a,p", V) € L. 0
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2.3. Priority argument. We are now ready to prove Theorem 2. Given a 39 set U C w® we
will construct a continuous function 1 : w* — w® and a set V C w<“ of strings such that

reU = Y(z) e fLV]

for every x € w¥, where [V] is the open set generated by V. Thus, this will ensure that f~![V]
is X9-complete for some set V of strings, which implies f~!29 ¢ 39. We first describe X9 sets
f7YV] and U as follows:

xelU <= (Ja)(Vb)(3c) S(x,a,b,c),
ye V] = G eVIEGIED Q.o k).
Here, y € f/[o] iff for all j, there exists k such that Q(y,o,1,7, k), where S and @ are A;
formulas (or equivalently, clopen sets). For this reason, one can assume monotonicity of @, that

is, if Q(y,0,1,7,k) and 7 C o then Q(y,T,1,j, k) also holds, since replacing Q(y, 0,1, j, k) with
the condition 37 C o Q(y, 7,1, j, k) does not affect the above property.

Requirements. The a-th requirements for our construction are given as follows:
N7+ (Va' < a)(3b)(Ve) ~S(z,a,b,¢) = (Yo € V,,)(Vi < a)(3))(Vk) ~Q(¥(2), 0,1, ], k),
P (Vb)(3c) S(z,a,b,c) = (Foq)(Fia) (V) (3Tk) QY (x), 04, 14,7, k),

where s, is the first stage at which an a-th strategy acts along = (after the last initialization
which may be caused by a higher-priority strategy; the details will be explained later).

Roughly speaking, every a-th strategy believes that a is the least witness for € U. Then,
the P-action tries to keep 9 (x) € f; [0,4] and the N-action forces ¥ (x) & ;. fi'[Vs,]. These
requirements ensure that such 9 is a desired reduction as follows.

e If ais the smallest witness for # € U, then the requirement P; ensures that ¢(z) € f;' [04].
The a-th strategy will put o, into the set V' in the construction, so by the requirement
P we get that x € U implies ¢(z) € f~L[V].
e If x ¢ U, then for every a, the premise of the requirement A, must be true, and then,
the combination of requirements N*’s will eventually ensure that ¢(z) & f'[V] =
U /71 [Vaal-
Thus, it suffices to describe the strategy to satisfy the requirements P and NF. A rough
idea is to assign a Semmes condition (74, pa, Va) to each string o C xz, and the a-th tree T; in
the layer follows the a-th strategy.

Conditions. Fix a bijection h : w<¥ — w such that « C 3 implies h(a) < h(B). We simply
write a < [ if h(a) < h(B). At stage s, we will deal with the s-th binary string w.r.t. this
order <. Given «, we use symbols a — 1 and o~ to denote the immediate <-predecessor and the
immediate C-predecessor, respectively. At the a-th stage, we will construct 7g, (pg) B<a, and
V, satisfying the following condition.

° (7'5,])%, V) is a Semmes condition for every o € w<* and 8 < a.

o If B < @, then pgfl C p and Vo1 C Va.

o (Ta,p%,V,) is either an extension or a shortening of (7;—,p3:1, Va-1).

Then, we will define V' = J,c,,<w Va, and ¢ (z) = U, pﬂz
By the definition of a Semmes condition, 7, is a sequence of bi-dense triples (Ty, 04, iq)a<e-

Here, recall that (o4,7,) witnesses the bi-dense property of T, for every a < ¢:

(D1) (Vq")(3y* 2 ¢")[Vi3kQ(Y", 04,14, J, k)],
(D2) (V7 Loga) (Vi) (Yp")(3¢* 3 p*)(Vy* T ¢")[FiVE-Q(y*, 7,1, 5, k)],
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where p?, ¢® € w<* and y® € w¥ range over T,.

We now start to describe the proof of Theorem 2. For the reader who is familiar with
priority arguments in computability theory, we first note that our proof is a finite injury priority
argument.

Proof of Theorem 2. As mentioned before, we will construct Semmes conditions (7, P3, Vo) B<a
at the a-th stage. If £ is the length of 7, then every strategy a < £ is eligible to act at the a-th
stage, that is, we deal with P,- and N,-strategies for any a < ¢. The state of the a-th strategy
at the a-th stage s is written as state(a, ). If a < ¢ then state(a, «) takes a value in w, and
if @ = ¢, then state(a,a) = init ¢ w.

At the first stage e, where ¢ is the empty string, we first use Lemma 4 to get o, s such that
K, sf is nonempty. Put 7; = (K, sf,0,s), p2 =€, and V. = {0}, and then (7, pg, V) forms a
Semmes condition by Observations 5 and 6. We then set state(0,e) = 0 and state(a,&) = init
for every a > 0.

At the beginning of stage a we inductively assume that state(a, ) has already been defined
for any 8 < «a. By our assumption, a Semmes condition p = (’Ta—,pzfl, Va—1) has also been
constructed by the previous stage. Let ¢ be the length of 7,-, that is, 7,- is of the form (7,)a<¢
such that T, = (T, 04,1q) € Q. At this stage «, we will consider (£ + 1) strategies.

A brief description of our strategies at stage o: Before giving the formal definition, we will
explain an informal idea of our finite injury priority construction.

For a < ¢, the a-th strategy believes that a is the least witness for « € U under the current
approximation a C z. Of course, the belief of the a-th strategy can be both correct for some
xz 3 « and incorrect for some other ' 3 «, but she has the same belief at the current «. The
a-th strategy looks for witnesses supporting her belief, and if she finds a new witness at the
current stage «, she wants to act to fulfill the requirement P¥ using the density (D1) of the a-th
triple (Ty, 04, 1q)-

The outmost strategy, i.e., the ¢-th strategy, also believes that ¢ is the least witness for x € U,
but currently we do not have the ¢-th level (Ty,0y,i¢). The hope of the ¢-th strategy at this
stage is to construct a triple (77, o4,i¢), and to make action under the belief that ¢ is the least
witness, that is, no a < £ is a witness for x € U. Then, the ¢-th strategy needs to make sure the
requirement N7 by using the nowhere density (D2) of a newly constructed (Ty, oy, ir).

Now, many strategies may want to act; however, their beliefs conflict with each other. Hence,
we cannot allow more than one strategies to make action at one stage. To avoid such a conflict
we put a priority order on strategies; a smaller a < ¢ has higher priority than a greater a’ < /.
Only the highest priority strategy among those who want to act can actually act. Thus, exactly
one of the strategies acts at each stage. Along x € w¥, if x € U, then exactly one strategy has
a correct belief, and we will see that such a strategy acts infinitely often. If x ¢ U, then no one
has a correct belief, and no strategy acts infinitely often.

We now give a formal description of the above argument. The stage a consists of ¢ + 1
substages. At the a-th substage of stage «, we check whether the a-th strategy makes an action.
We begin with substage a = 0, and consider the following actions.

Initial Action: If state(a,a”) = init, then a = ¢, so the /-th strategy makes the following
action.
(1) By Lemma 12, there are Ty = (T}, 04,4), p* 3 p2~L, pg 2 pgfl, and V, 2 V,_; such
that
((Ta)aze, ', Va) extends p = (To-, p5 =", Vo),
(T3, et V4) is a Semmes condition whenever 5 < a.
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(2) To ensure Ny, by the nowhere density condition (D2) for T}, since oy is incomparable
with any element in Vj,_1, there is a proper extension ¢* 7 p® in T} such that

() (V" 3 ¢") (V7 € Vou1) Vi < a3jVk-Q(y", 7.1, 5, k),

where y* € w® ranges over Tj. Note that (xx) means that [g)] N U, 7 [Vaz1] = 0,
where one can think of 7 € V,,_1 as [7] C [V,_1]. Define p& = ¢°. By Observation 7 (1),
((Ta)a<e, P&, Vi) is still a Semmes condition, which extends the previous condition p.

(3) Define state(?,a) = 0, and state(a, ) = state(a,a”) for a # . Go to the next stage
a+ 1.

The b-th Action: If state(a,a”) = b € w, then the a-strategy see if
(Vb < b)(3e < |a]) S(a,a,b,c).

If this does not hold, go to the next substage a + 1. If this condition is true, the a-th strategy
acts as follows. By Observation 13, we get a length a + 1 shortening ((75)p<q, %, Va—1) € S of
the previous condition p. Now 7, is of the form (Tg, 04, sq) € Q. By the density condition (D1)
for T, there exists a proper extension ¢ J p® in T such that

(%) (Vj < 0)(3k) Q(q", 0asta, J, k).

Define p% = ¢*. By Observation 7, ((7p)p<a,PS, Va—1) is a Semmes condition, which is a

shortening of the previous condition p. Then, define 7o = (Tp)p<a, Va = Va—1, state(a,a) =
b+ 1, state(i,a) = state(i,a”) for any i < a and state(i,a) = init for any i > a. Go to the
next stage o + 1.

Outcomes: Put V =

a union of open sets. Moreover, 77/) 1s continuous since (px rs)SGW 1S Increasing.

Va, and ¥ (z) = U,e,, pﬂz Clearly, V' is open since (Va)aew<w 18

aEw<w

Lemma 14. For any x, we have the following.

x ¢ U <= lim state(a,z [ s) converges for every a.
S$—00

Proof. (=) If x ¢ U then for any a there is b such that (3c)S(z,a,b,c) fails. Then the b-th
action never occur at any initial segment of x. Thus, we must have state(a,z | s) < b for any s.
If the state of a strategy does not change, then it does not injure any other strategy. Therefore,
by induction, we can see limg state(a,x | s) converges for every a.

(<) If z € U then there is a such that for every b, we have (3¢)S(z,a,b,c). Let ag be the
smallest such a. Then it is easy to see that for any b, ag proceeds the b-th action at some stage
sp such that state(ag,x | sp) = b. In other words, limg state(ag, x | s) diverges. O

One can also see that lims_,o state(a,z [ s) converges for every a iff the a-th strategy acts
at most finitely often for any a. We finally show the following.

Lemma 15. For any x, we have the following.
relU < ¥(x) e fHV].

Proof. (<) If x ¢ U, then by Lemma 14, lim, state(a,z | s) converges for every a. Then, for
any a, there is a stage a, C x such that the a-th strategy proceeds the initial action at stage a,
and this action is never injured. Clearly, (a)qey is strictly increasing. Then, by the initial action
(xx) of a at stage ag, for all 7 € V,,,_; and i < a we have 3jVk—Q (¢ (x), 7,1, j, k) since P (z) € T,
by the non-injury assumption, and ¢ (z) extends p4e. This means that ¢ (z) & f;[Va,-1] for any
i < a. However, if 1(x) € f~![V] then there are i and j such that ¢(z) € ff[Vs]. Let a
be such that i < @ and 8 < a4. Then, ¥(x) € f/[Va,-1], a contradiction. Therefore, we get

U(x) & [V
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(=) If z € U, then by Lemma 14, there is a such that the a-th strategy acts infinitely often.
Let a be the least such strategy. Then there is s such that a is never injured after z [ s.
Assume that Ty is of the form (T}, 0y, i) u<r(s), Where we must have a < £(s). Since a and
hence any u < a are never injured after z | s, we have that 0 = ¢!, and i$ = i, whenever
s < t and u < a. By the b-th action (%) of a, we have Vj < b3kQ(Y(z),0%,i5,7, k) since
Y(x) € Ty, by the non-injury assumption, and ¥ (x) extends pﬂz Since this holds for any b, we
get VjIkQ (v (x), 08, is, j, k). This means that ¢(z) € f5[o2], and thus ¥(z) € 5 [Vars] € FHV]
since o, € Vys. ’ ’ O

Lemma 15 shows that f~1[V] is 29-complete for some open set V. Hence, f~[w* \ V] is not
39 while w¥ \ V is 9. That is, f71X9 ¢ 39. This concludes the proof. O
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