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1. ggbboooooobooon

gbbogbogbbubooobuogbbooboonouoobbooboobooboo
goodgbobuogobooobbogbbobboobbuoobooboobboon
gobogobogobobboobooobbobuooobooobooobboon
ggn

0000000000000000000000000000. . . . ... 00000000,
100
0111011101110111011101110111...... 01110111 .

100

gobobogobboo1gbbooobbbooobbboooobbooooboobo
gboboobooobooobboooboobboobboinoooboooboo
gbogobobboboobbgoboboolintg 2c0boobobooboonbo
ggbooogd

gbbodoobboogbooobuoobobuoobbuoobboobboboobo
gbobogbodgbbuoobbuogbobobboobbuooboobooobboon
goboggbooobbuooooobbobobbooobbooogobboon
gogoobobooodad

gbbododbboogbooobooboboobbuoobobbuoobboobo
gbooboobobboboobuoobooboobobboboobooboon

gogoooooobobbbtboooooooooobbbbbbuoooooo
gbooobo201v0b0ob0oo0oo0oboo0obooob0ooobo0oobo0oboooboobO0oooD0ooDO

000 1oo0oocoooobon 11, 1i20000000000000000000
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gogbooboboobbooooobbbouoool1goobobooooob 1obbuoooon
gogsuumolilto 200bbbououoodg 40boobooouooooonn
gbobogobuogbbooboooboobboobboobboobboobboon
gogbboboooobbboooooboboood
gogobobobobobboooooooboobbooobbboooooooobobooboobo
gboogood
gbbobd =0000 =0040o0b0o

ggbbobuoooobbbooooobbbooobboboooobobogn

1.1. 0000oooooo. {o,1}*00000000D00000O00D00O0oooOo
O00ce{0,1}*0000 |p|OO00O0C0DOO{0,1}*000000000O000O0O{0,1}*00
0000000 {0,1}*000000 (partial function) DO0O0OO f:< {0,1}* — {0, 1}*
gogooogo

00 1.{0,1}*000000 f:<{0,1}* > {0,1}*00000 (computable) D 0000
00000000000 POO0OOOOOO zedom(f)0 POOOOOOOOOOO
00 f(x)0000000000000

ooo{o,1}*000000000C00O0OO0O0O0O0O0

00 2.00000 M:c{0,1}*-{0,1}*0000000000MO00000000
000000 f:c{0,1}* - {0,1}*00000

(Je e N)(Vx € dom(f)) M(0°1x) = f(x).

gooo0000o0ooo0oooooooboooooooooboooboooboooon
O0o0ooo0oo0ooooooooooool1bco0oo00oo00oo0 MOOOooOOoooo
0000 POsOO0D00ODODOODOODOODOODODODODODDODODO fO
goooodad

(3P)(Vx € dom(f)) M(P,z) = f(x)

godooooooooooooooooooooooooboobooboobooo

goo00oooooobooboooooboooooooooooooooonoooon
goooooo0oooooooooooooobobooooobooooooooononog
goooooooooooooooooooooooooooooooboon 100
go00ooooobooobooooooboot 1loooooooooobooooooon
goooboooooob 1co0ob0boo0oboboooob0 10000 bOobobooooon
gdooooooooooooo

O0O00Des0O00O0O0O0OO0~O00OO0OOO0OOOO0OOOOOOO MOOOOOO
Udrdece0000000O00O0O00O-0 cO0OO0OOOOOO0O0OO0O0O0O0OOO0O0OOOOO
0OMODOOOO M:<{0,1}* - {0,1}*0000M(0)=70000+0 60000
ooo0ooooo0oooooo0-r0 MOOODODOOOOODODOOOOOOOOOOO
goooooooooooooooooooooo

Cuy(7) = min{|o| : M(o) = 7}.

0000 Cy(n)0 00000000000 (plain Kolmogorov complexity) 0 0 O O
00 Cy(r)=>|r|0000f00000000000O0O0OO0O0ODOOODODODOOOO
goooobooooooooboooboboooooooooonoo

00 3. 00000000000 n000000700Cy(r)=|r|ODO0O0OO0OO
goooo
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Proof. 00 nO000000O0OCCOOOOOOOODOODODO(e), 00000000 20
00000000000oooooo0oooo(110),=6000000000 nO0O
goobobooboogoo2rougooobbooboubbododd n0oooon
gogooood

n—1
D20 = (111...111); = (1000...000), — 1 = 2" — 1

00000000002 -10000000 7000 Cu(r)<n0000000000
00-,0000000200000000000-000000 70 Cy(r)=n00
0000000000000000Cy(r)>|r0000 O

gbooboboo MOobuooboobobooboobbooboobuoobibd e
gogobobbobboduooogobbbobuoooobobobouooooobboon
Moogoobooboobooboooboobobooboooboobboobooobo
goobobobobougooobbobbooooobbobbboooooooboon
gooooboobobuoobooobooboboobboooboobooMUuoonbnoo
gbobogobogoboboobbugobbuooubbuooboobooobboon
goboogooooobogobooobboobbooobbooboobboon
gboobooobgod

00 4.000 M :<{0,1}* - {0,1}* 000 (prefiz-free) 1000000000000
oooo

(Vo,7€{0,1}*) [c < 7 & 0 e dom(M) = 7 ¢ dom(M)].

0000MOO0000000000000000000¢000 M(o)OOOOO
gobooboobobooboboobboooboobbebo0D rO0bbO MOO
gogoobobooodon

05 &:c{0,1}*—{0,1}*000000000000
M(0F10) = ®(0)
ggobobboooooobogoo

00 6. 00000 ROODO (optimal) 0000000000 OOO MOOODOOO
gobboobogobbobod

(Fc e N)(Vr € {0,1}*) Cr(7) < Cy(7) + €.
00 7.0000p0o0cgogoooogo

Proof. ®0000000000R(0°le)000000000000 &(0°le)000000
000000000 s00000 ®(0°le)00000000000s = max{s,|o|}00
D007<e00000®(0°17)0 O0000000000000000000000
000000000 $0°lr)00000000000R(0°le) 00000000000
000000000000007>00|r<s000000000®(0°17)0 ¢ —10
000000000000000000000000000000$(0°1r)00000
D0O0000R(0Fle)00000000000000000000R(0°10)0 ®(0°10)
oooooo O



MOOOOOOoOooooDoOOOOCy(nODOOOO K(r)ODDoDoDOoOOoDooooooo
O000000d (prefiz-free Kolmogorov complexity) 0000000 00000000
UcO0000O0O0O0O0O0O0OU0 xO000O00oooouoooo

00 8. K(r) <* 2/7].

Proof. M(0"17) =7 0000000000000000000Cy(r)<2|r|+100
0o O

O00r»neNOOOOODOOOObIn(p)ODODOOOnO 2000000000000
000000000000 |bin(n)] =tlognO00000000O0O00O0O logDODO 20
ERERE

00 9. K(7) <t KO + |7] <* 2log|7| + |7].

Proof ROOODODOOODOODOOODOOODOODOODOO |7|000D0O000O0
000000000000 00000000000000000000000000
000000000000000000000R(e)=>bin(j7)000000 M(or) =1
0000000000000000000CK(T)<Cr(07)+|7|000000 8000
Cr(0™) <t 2log |7/ 0000 O

000000000000000000000000000000000000000
00 10. MODODOODO0ODO0000 ¢eNODOOODD
(V7 € {0,1}%) K(M(r)) < K(7) +c.

Proof ROOOOODOO0O0OODO0O0000S(e)=M(R(e)DD0000000O00
dom(S) € dom(R)000000SOO0000O000O00OOOOO00 0000000
K(r)000OO0OO0O0 ¢O00R(e)=70000000000000008(c) = M(R(0)) =
M(r)000000Cs(M(7)) < K(r)00000000ROOOOOOO0O00 000
000000 700000K(M(7))<Cs(M(7))+c<K(r)+c0000 O

1.2. D0040bOo0ooboo. bbobobbooboobuoobooboobbobboab
gbobogbobuogboboboobobogboboobbuoobobooboobboon
gogogogbotulgogbbbuoooobboooobbbuoobobboooon
Oxaxzs... 00000 0OO0O0ODOOOODOO0OODOOODOOODODOODOOO M
o0o00oooo Quoboob0obobooobog

000000000 A00000000D0000D0D000DO0O0AO0O0OO0O0OO0
00 MOOOOOOOOOO2p+10000000000 01000000 0-Grt+Y)
goboooboobooooobooooooobbooooobooobOOobD EODO
0ok100000000000000000000000

0
Qu = Y 27Cr =23
n=0
00000000000 0e{0,1}*000000000000 |¢|00000000

O0c0000D00002FODO0DO0OO0ODDDOOONODDOOODO MOOOODOO
mMoOoOoooooo Quuoobobooooonog
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00 11 (0000). MODOOODOOOOOOOOMOOOOO (halting probability) O
ggboboobuoooobobooodgn

Qu= > 27"

oedom (M)

O000Odom(M)O MOOOOOOOO
OO0 12. MOOOODOOOODODOO00<Qy<100000000D000

ooooboMMObOooooooooooo Quboboobooboobobobooon
gobobobuooboboboM, 0O MODO sUDOODLDODODOOOD sOODOO
O00000000000000O0el<s00 M(o)O sOOOOOOOOOOOOO
O00Ms(o)=M(o)DOOODDOOO My(o)OOOODOOODOODOOOOOOODODO

QM,S = Z 2_|U|

cedom(Ms)

0dddooooobbboooooooD MOOOO sOOODOOOO0OO0O0oOoooO
goooooooooood
QM70<QM71<QM72<"'<QM= lim QM,s-
§—00
0000000 ce{0,1}*0000 Y1 ()27 00000000000000
O (dyadic rational) 000000000000 000000000CDOOO0OODOOCOO
0000 MOOOseNOOOOOdom(M,)0ODOOOO00O00OQ,, 0000000
0dododooRrROO0OO0O000000000000000O0O00O0OOOOOOO0O0O
o0o0o0oOoo0ooobOoooooQoooooooooon

OO0 13. QUOO0O0ooooboboooboooog

0000000000000 z€e(0,1]0000000000000002z0000
0000000000000000000 ze{0,1}NO0O0O0DO000OO2 w000
00000 z000000000000000002 = 2z92122...22i41... 3000
zIln=z22xn%...2, 0000000

00 14. 0000000000DO00O0O0DOO0 QOOO0OO0OOoOoOoooooog
(Fe)(Vn) K(Q I n) =n—c.

Proof ROODOOOD0O0O0DOOO0Q=0,00Q,=Q,, 000000000000
0000000000 MOOOOODOO00O0 ¢0000000<Q; <0.0+27000
00000000000000000+000000R,00000000000000
O0p000000000000¢00000 R(o)=n00000070000M(0) =19
0oon
000002000000 =2 |n00000000<2<00+2"000000
000000000000000006=Q [n000000<0<00+2"0000
(2)en00000000Q =lim,,Q,0000000Q=0,0000000000
00000000<Q <00+2"000000¢00000000000000000
00 MOOOo=Qn00000000 ROODDOOOODOODOOn000000
000+000000000000»-1000000000 ROOODOOOOOO
00000000000000000000000Q>Q,+2"' 00000000
000000 +2 " <O, +2 " <0< 00+2"0000000000000



0D00p0 RO0OOODOO0O00000000OO R(e)=y000000 0000
00000000000 ¢+00000000000000000000000000 ¢
D0000O0ROOO0000000000000000000]¢/>200000
D000K(p) >n000000057=M@)=MQ | 2000000000000
KM 1n)>n000000000MO00000000000 10000000
ce{0,1}*00000K(M(0)) <K(0)+c0DD0D0D0OOOOOOOOO

n<KM®Q[n)<K®Q!In)+c

gbobobobebobbO MODODODOODOODOnDOODODODOODO
0000000000 nO00D000KQ2In)>n—cO000O0 U

00 14000000000000000000000O0000004d (Chaitin’s Omega)
gobooodg

2.0000000

21. 010000. 000000000000 DbOU0bOO0ObbOo0bOo00bobOon
goboooobgobobosbobbobobboboobbsooboobO
gbobogoboogoboobbd~01000000000 9999999999990 0000
gobogobogobooobobooobooobooobooooobboon
gboboboobobboboobobobuobboob 00000 0000DbO
oooodosz20000000 2000000000000 O0O0OPOOODOOOOO
0000000000002z0 6000 (normal in base b)) 0000000000000
r0o00000000 0000000000000 cebt0DOODOODOOO

. rpyUOO0O0O0O0 NOOOOocOOOOonO 1
Nlinoo N _b_k'
gboobooboboboboboobosz20b00obooboobooboobO
00 (absolutely normal) 000000000
0000000000 (fractional part) 0000000000000 0 200000
0000000000 0000000000000« =[0000000 keZ
0000z=y+k00000000000000000000([2] = |z|—||z|00
gog
000000d0U0Ud 000000000 0D00x00000000D0ODO0 KkODO
Ok+/0000000ceb000000000O0OO0O0DOOOODOOR 200000
Oc00000D000D0OOO0ODODOMOOOOsOODOOODODODOOOOODO
O0000000000000000206000000000000000 p,qe|[0,1]
gooooooobbbbboooooogad
. #k<N:p<[tFz] <q}
m =

R N

gobboboogobbobooogd

q—p.

00 15. 000 (x,)nen 00 10000 (uniformly distributed modulo 1) 00 0 0 00O
00000 p,gel0,1]0000000000000000000

_ #Hn<N:ip<lz,]<q}
R N — 4

_p.
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0D000z00000000000 (0 2)..w0010000000000000000
00Sc[0,1]0000001,00000000(z)y0010000000000
00000 Jc(0,1]000000000000000000000

1

.1
0 lm 5 22 1) = | 1o
n<N
0100000000000000000000000 (Weyl criterion) 0 0000
ggbood

00 16 (00000). 000 (x,)en00D0O0O0O0O0O0O0OODODOODOO

(1) (z,) 00100000000
(2) 0000000 f:[0,1] >ROOOO0O

(3) 00 1000000000 UoooooooD f:R->COODODOO

.1 !
lim ¥ Z f(zn) =L f(z)dx.

n<N

(4) 00000k=000000

: 1 2mikTn
lim N Z e = 0.

N—00
n<N

Proof. (3)=(2)0 00000000000 00000z X000 100000
000000000000000@B)=4)0000000000000(1)=3)000
000100000000 (1)0000000000000000 f0000 (2)00
000000000000000000000000000000000000000
00000000000000000000000 fO00000000:>000000
filz) < f(z) < fo(x) D00 §(folz) - fi(z))dz <eODDOODOOO f1, 000000
0000()000000000000000000000000000000000
0000000000()=(1)0000000000000000000000000
0000000000

(3)=(2)00 100000000000000 f000000000000O000O0
0000000000000f/0000000000000keZ0000 000
0000000000000000000000000000e>000000000
0000vYO00000ze[0,1]0000|f(z)-V(z)|<e0000000000000

| e =5 3 s

J \I/(x)dx—% Z U(z,)

0 n<N

+ +

T 20 (W) — fa))| < 32

n<N

< f (f(2) — U(z))da

gobbodobboobobo NODOOD e Oobbooob 200000000 N
ggbbegoobon U
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2. 000000000000. 000 ()eex0000000000000 o, 21,22, ...
000000000000000000000000000 16(2)000000000O
000000000000 fO0000O0O0 (time average) 0000000000 f0O
000000 (space average) OO0 D0D0O00000 (z,)en 00 100000000
Oo00ooooooooooooooooooooooooooonoooooooonon

O0000000O000ooooooooooT:[o,1]—0,1]0000D0000OOO
O2e0,1]0 700000 «,T(z),T%(x),T3x),... 000000000000 160
O00z000000000000000T(2)=1[bz]0000000000 fO00000
go0odoooo =0000o0o00dooogooogoon

.1 n(
iy XA = [ s
n<N
000AD[0,1]00000000000000000007:(0,1]—[0,1]000
(measurepreservmg)ﬂDDDDDDDDDD Jc[0,1]00000MJ) = NT7J]
gogboboogooo

0 17.000beNOODDOT(x) = [;2]00000000000 7 [0,1] — [0,1]0
0000000000000 J=[p¢000000000T[J] = U,_,[(p+k)/b (q+
K/H00000000 [(p+k)/b,(q+ k)6 0000 AJ)A000D0OT-[J]00
00 b-u(J)/b=AJ)00O00O

0000000000 TO0O00000 (ergodic) 000000 T-00000000
00000 10000b000b00oOon fO foT'=f0b00o0ooborTr-0oonDO
gboorgooobobobgooooorobgboobobobobooobobo
gogboooood

00 18.000b>2000007T(z)=[b2]00000000000T:[0,1]— [0,1]
00000000000

~—

Proof. fO T-00000000000000Of e [20000000000000
000000 flz) = 3, e 0000f0 7-000000 f(z) = f(T(z) =
3 e 000000000 n0000 ¢y =¢,00000000000000
0000

1= [ 1@ = et <

neL
gooooobbn0dU0d0 o =c, 00D 0O0O0O0O0O0OOODODOODOO0O0O0ONR=20
00000¢,=0000000000000000f(z)=c000000000O00O
gobodoobooobuoobboobbooobuoobboooboorobooo
goooooooood U

000000000000 (Birkhoff’s ergodic theorem) 0000000 XOOOO
000007000000 fel(X)DODODOODOOOOOOOOOzO000000O
=gggagabobbobobbbobbbbbdoggooooobbbbboooooon
0000000000000 =000000000000000000 xz€e[0,1]0 2
000 Oxprize... OOOOD0DO0O 0000000 zor122...2,1 0 2 | nO0000O
gooooooobobobooo

00 19. 00 x€(0,1]000000000000ODOOO0O



(1) 20000000DODOOCCOOO
(FceN)(VneN) K(z | n)=n—c.

(2) 0000000'000000007T:[0,1]—1[0,1]000000000200
f:[0,1]—[0,1]0000000000000

lim — > AT () =L f(x)dz.

Now N

OO0 40000000000 QObobO0ob0ob0obOobOobOobOobUoobobo
oo0QODOo0oopoOobO0obD =000000b00boDob0obobobD 8oooQUoO
oobO0o0ooOOoooooooQUUoooOoboobo0obooobooboOobooboooo
gboobuoobobboboboobooboobooboboboobobbobn

oooooooo “oooboobobor"obobobobobobobooobooo
goboobooooboobooboooobooooobooQoobobD “DobO
ooooo”booboobooogoon

100 ¢g:[0,1] - [0,1]00000 (computable) 0000000000000 0000000000
gbdbdobobobobobobbobooooouoboboboboobobobobobobobo
obooooOoboobobo0o 0000000000000 0DbO0bO00000O00bO00b0000000 20
000024 00000000 |z—-p|<279000000000 pO00O00O0O0

gbbooboobooobgbOooboobooboboob«c0b000 2000000000000 O0
g 2_dDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD|9(£)—T|<2_6DDDD
oooob -00000000 PO0OODOOOODOODOOOO

oobooobooooobooooboooooooobooooooooobooOoobooobooooon
goboobooooboobooobooobooboobOoboooobooboobooooobooooobon

200 h:[0,1] - [0,1]0000000 (lower semicomputable) 00000000000 g: Nx[0,1] —
[0,1]000000000 2€[0,1]0000 f(z) =sup,yg(n,2) 00000000000[0,1]000
oobooboooobOoboooooobooooboboooooon



