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§2. 0O0OO

2.1. 0O0OODO

ooooodod Hy,He,...,H, 0000000 GUOOUODOUODODOODODODOOOOOOOO
goobooboobobooboboobboooboooboobboooboooboooo

Hl,Hg,...,HnI—G

H,H,,....H,0000000GOOOO0O0O0OOODOOOOOO0O0O000ooooooooO
gooooOoOoOoOoOOOOOOOO0OOOOOOOOOOOOODOOOOO Hyy,H,,...,H, -G
o000 Hy,H,,...,H, 000000000000 GUUOUOO0OO00O0O0oO0OoooooOooooo
gooooboooboobboobbooboooboobboobbooboooboobo
gbooboobogoboobbuoobbooboooobuoooboboobboooboooboooboo
goobobooboobooboboboboboboooooooo™Woboobo

0000000000000 0oo0oOo0oDoo0ooooo0oo0DoooDo0o0ODO H;ODOOoO
Oh 000000000000 LN: ;000000000

hliHl, hQIHQ,...,hn:HnI—G

vbobobdobobobobobobobooobogan
thZ

Goal: G

goboobogooboobobuoobboobooobuoooboobbooboooboon
gbogobooboooboobo

s (00 -00000: D0O00 A—-BOOUOOODOOOOOOOOOO (—Intro) 00O
000 ADODDOODOODOOO0OO0 BOOOOOOOO

[h: ‘A]l

Goal: B 1
Goal: A— B ~ Godl: A— B (=Intro)
0000000000 intro hOOOOODODODOOOKROOO AODODODOOOOOODOOOOO
good
000000000 A—-BOOODODODODOOODOOOOOOODODOOODOOODOOOOOOO
00000000000oo0o00 20000000000000000000D0O0 A—-BOOO
000 ADDDODODODOOOOO0OOODOD A—-BO AODDODO BOOOODODODOOOOOOOO

googgao
hllA—>B hQIA

h3 = h1h2: B

(—Elim)



0000000000 have hg:=hy hh 000000000000 0OO hy: A—>BOOO
h,: A0 (—Elim) 00000000000 hy: BOOOOOOOOOOOOOOOOO
0000000000000 00d0 A—-BOOODODOODODODOOOD BOODOOODOOOOO
O000000000ooooooACQU0U000OU0O0OO0O0OOOO0OO0UOUOUO0O0OmMOOCOO BOO
AOODOO0OOCOOOOd
[h: A — B]
[h: A — B] Goal: A
Goal: B ~ Godl: B

(—Elim)

O00000000000epply hOOOODODOOODODOD h: A->BOOODODOOOOO BOO
ADO0DODOOOOODOOOOOOOOODOO000000000000000 (—Elim) 0O0O0O
good

m00 A00000: OO0 AABOOOOODODOOOOOOOOD AO BOODDODODOOOOO

hi: AnB hi: AAB
m (AElim) m (AElim)

000000 h: AABOOOOOOO hydeft: AQD hyright: ADODOOOOOOOOOO
O00000000000 haveOODOOOO0OOOODOOOOOOODOODO have hy := hy.left
U000 have hy := h;.right U0 DO0OO0OD0OO0OO

00 AABOOOOOOOOO0O0O0OODODOOOUOOO0OOOOOOOOOOOOO 2000
O00000000000000000 AOOD BOODODODOODOODOOOODOODOOODOOO
AABOODOOOOOOOOO

hi: A hy: B
And.intro h; ho: AA B

(AIntro)

000000 h: ADO hy: BOOOOODODO And.introh; he: AABOOOODOOOOODO
0000D0000000000 haveJODODODO

0000000000000000 AABOOOOODOOOD AABOOOOOOOOOO
A0 BOOOOOOOOOOOOOmMAOOOOOOOOOOBOOOOOOODOD 20000
ooooooO

Goaly: A Goaly: B
Goal: AAB ~ Godl: AAB

(AIntro)

U0000bo0don apply And.intro 00O 0O

00 vOOOOO: OO0 A0 BOOOOOODOOOODODOOOOOOOO AvBOOOO
goo

h: A (vIntro) h: B (vIntro)
Or.inl h: Av B Or.inr h: Av B




00000000000000000 have0O0OO0OO0O0O0 AvBOOODOODODOOOOOOO
0000000000000 0000M 000 GOOOODOD0OD0DAODDODODOOOO GOO
OMBO0OD0ODOOOO GUOOODOOO 200000000000
[hQZA]l [th]l
[hi: AV B]

[hi: AV B Goal: G Goal: G .
Goal: G ~ GodL: G (VElim)

0000000000 Ocases’ hy with hoy ha3 0000000000 hy: Av BOOOOOO
00 hy: ADOD hy: BOOOOOOODOOOOOOOOOOO

2.2. Subset world

2.2.1 Level 1/6: The exact tactic

reA+2xe AUDUDOO0OD0O0OO h: POOODODODOODODDODODOO POOOOO Lean
000000000000 00DbD0000D0 exact hOOOODDOOOOODODDOO hOOODOO
0000000000 LeanO0O0O0O0OOODOOODOO

2.2.2 Level 2/6: A subset hypothesis
Ac B, zeA2eB00000000O0O0O0O0O0OOO0OOOOOOOODOOODOOOOOO

AC B < Vx|re A— xe B]

Lean 0000000000000 O0DOOO0OOOOOOOOOOOOOOO0 :AScBOOO
gboboobooobooboobooboobobobobobobobobo
hliAgB

hlzaceA—>aceB hy:zxe€e A
h1h22$€B

(—Elim)

OO00Oo00obOoOoOooOoOo 3ocgoooooo

e have hg := hy ho; exact hg
O0n0h OOO0OO0zeBO00000000O0D sODOOOOOODOODOO
e apply h;; exact hy
00 0O0O0OD0O0O0000 xeB0OxeA0D000O0OO0OO0OOOOOOOO0O0O0 he OO
goog
e exact hy ho

000000000000 0D0000Rr hhy D000 zeBOOOOODO



2.2.3 Level 3/6: The have tactic
Ac B, Bc(C,zeA+2eCO00000000OO0O0OOOOOOOOOOUOOO

hi: AC B
hy: B C
h12$€A—>$€B hs: x € A
hQZﬂZE.B'—>l‘€C h; hs: z€ B
ho (hl h3)2 zeC

(—Elim)

(—Elim)

g0o0o00obO0oboboobo 2000000000

e have hy := hy hy; have hs:= hy hy; exact hjy

00 h,h3 0000000 hy:2e BOOOOOO hy,hy 0000 hs:zeCOOO0OO
000, 0000 xeCOOODO

e apply hs; apply hy; exact hj

00 h, O00D00000D02eCO002xzeBO00O0O0O0O0 L, 000000000 xeB
00xe A0D00DOO0DO K OO000O0O0O0O

2.2.4 Level 4/6: Implication

Ac B, zeB—-zrze(CtreA—-2xeC 00000000000 O0DOOOOOOODOODODO
O000000ze A000zeCO0000O0O0O0O0O00DO0OOOO0OOOOOOOOO intro
0000000000000 000D000002eA—-2zeCl0zxeCO000OD0O0O0OO0xzeA

oogno
hliAgB
hy: B C
hj:xeAd—2xeB [hs: z € At
hzll‘E_B'—)IEEC h; hs: z€ B
ho (hl h3)2 ze(C
Goal: z€ A > zeC (TIntro)

(—Elim)

(—Elim)
1

OO00oO00DOoOOooOdoOo 200000000

e intro hy; have hy:= h; hy; have hy:= hy hy; exact hj

OO0000O0bO0 ns000000C000D0O0 m,h3OOOO0O0O0O0 hy:zeBODOODO
00 h,,h, 00000OD0O hs: 2 e CO00000O0O0O hs0000000OCO

e intro h3; apply hs; apply h;; exact hjg

00000000 hs 000000000000 hph OOO0ODOO0OOO0zeCOOxz€eB
0000000 O0O0ODDD0OD0O0O02xzeBO0Oxe ADDDDOOOD 300000
oono



2.2.5 Level 5/6: Subset is reflexive
HFAc AOOOOOOOODOOOUOOOOOUOOOOOUDOOOOUODODOOOOUDOODOOOO
tbobobooboboboboboboboboobobaon

ACB < Vz[re A—zeB]

gobobooobobooobbbooooobbomoooo z00oobboooobobooon
gooooobobobobbbbbbibD intro 000000000 intro xUOOO0O0O0OODOO
Ox0O00000O0O0O0DO0OO0O

[hy: z e At

Goal: z€ A 1
GodLl: re A—>x€e A (=Intro)

gz){}/d,l Vz (ZEA_’ZEA) (VIntro)
Ac A

gboooobogboboooboooboonoobg

e intro x; intro h;; exact hy

000 000000 n:2€A0000 xe ADD0O0OOOOO0 OOOOOOOOO
gooog

oooboobooobooboboobobooboooboobobooboooboon

2.2.6 Level 6/6: Subset is transitive
Ac B, Bc(CrHACCOOOODOODOODDODOOODODOOOOODOOOO
hliAgB
hy: B C

hi:xeA—xeB [hs: z € A]!

hy:xeB—-xel’ h; hs: z€ B

Goal: hy (hy hy): zeC .

GhHL: ze A >zeC (TR

(VI )

GL: V2 (re A >z2e0) o o0°

AcC

gbooooboogbobooobooobooonooa

e intro x; intro hs; have hy:= hy hs; exact hy hy
O00 000000 h3:2€e A0000 2xeCO000000O hy,hgODOOOOODO
hy: xe BOOOOODO ho,h, OOO00OO0OOOOOODOO



2.3. Complement world

2.3.1 Level 1/5: Proof by contradiction

reA,xr¢ BFAEBOUODOOODOOOOODO bycontra0O0O0O0O0O0D0O0O0O0OOOOOODO
o0-PO0OOO0OOOOPOOCOOOOD LOODOOOOOOOOOOOODODOD —-POO
10000000000 POOOODOOODOODOOD A€ BOOOODOOO by-contra hy OO
000000000 A4 BODO LOODDODOOODOO hs: AcBOOOO

[h3: AgB]l
hys:xe€eA—-x€eB hi:zxze A
(—Elim)
ho:x¢ B reB
(—Elim)
Goal: | 1

W(—ﬁ[ntro)
O00O0o0o0ooOoooooooooooooo

e by_contra hg; have hy:= h3 h;; exact hy hy
O00000000000n: Ac BOOOOOOOODODOOOOOOOOO hy,hy O
000000 h:2eBOO0O0O0O0O ho,h, OODODOODOODOODOODO

00000oo0oo0ooooo0ooooo -—POOOOO P—1lO000O0OODOOOOO
gboooobogoobooboboobbooboooboooboboobboooboooboooboo
0000000D0D0DA¢ BOOOOO (A€cB)—- 1000000000 O0OODOOODOOOO
00000000AcBOOOOOD LO000O00000000O00000000OO0OO000O0O0O
00000(—Intro) 000000000000 0OU0OOOOOOOOOODOODOOO

e intro hy; have hy:= hs hy; exact hy hy

2.3.2 Level 2/5: Definition of complement
Fre A>2¢ AD00D0D0O0DOODOODOOOOOOODOOODODOOOOOOO0 X=X0O
p—pl000000000O0CDOO000 LeanOO0OO0O0O0O0DDOOCOOO rf10000O

2.3.3 Level 3/5: Complement subsets from subsets
AcCc BB CcA°0000000000DO00DOO0O0DOOOO0DOOOO0O0 LeanOODO
gboboobobobobobooobooboobobobobobo0obod00rewrite0 OO0 rw O



gboboooboooboobboobbo0dbibod compdef DOODODOO0ODOOOO0ODOOOO

hli A - B
[ho: z € BY]! h:zeAd—>zeB [hs: z € A)?
hyzgB O 7B
Goal: L 9
m (by-contra h3)
zed ™™ .

re BS > reAc (intro h2)
Va(ze Bs > ze A7) (e ®

Bc c A°

gobogobogooboobboobbooboboobuoooboobbooboooboon
Oo0oo0oobooOooboo20000000bboOooboOooDo

01. intro x; intro hy; rw [comp_def]; by_contra hs;
000 2x0000000000 hhOOODO xe A0DD00OO0DOODOOOOOOOOO
Ox¢ ADDOOOOONR: ze AD00COOO0O0O0OODODOOOOOOOOOODO
02. rw [comp_def] at hy; have hy:= h; hg; exact hy hy
00 hy:xeB°0000000 2x¢ BO0D0D0OODOODODODODO hy,hs OOOODOOOO
hy: xe BODOOOO he,h, 00000000 DOODOODOODOOOOOOODOODOOOO
googagd

U0000bO00d0b0Oby._contral introJ0000O0O0OONO

2.3.4 Level 4/5: Complement of a complement
l—(Ac)cZADDDDDDDDDD|:||:||:||:||:|DDDDDDDDDDDDDDDDDDDDDD

goooobogooog

A=B < AcBand BCc A

«— Ve (re Ao zeB)

0000000000 000D0OD0O0 bycontra0O00O00OODOOOPOOOOOOOOOOP
00000000000 00o0000oo000ooDoo00oDoOo00DoOO0O00DOoOo00D Loooo
oo0ooo -PODODOO

—.'P
_'P (_|P)J__>J_ (—>Intro)
% (by_contra) ;;)P (——Elim)



00000000000000000 (—Intro)0000000 ——P—->POO0OOOOOO
gbboooboogbbgoboooboobbuogbooobad

[hy: z e A«] [ho: ¢ A]? [hy: 2 € A°]*
x ¢ A° () T € A () r¢ A () [hs: z € A3
2 . 4
e A (by,con?:ra h2) . e A (1ntro. h4) 5
re A e A (nz:l:r:li) reA —xe A (nzrrl:r:i){)
Vz(ze A — z€ A) Vz(ze A — z€ A%)
ACC g A A g ACC

A< — A4 (sub_antisymm)

O000z<y00y<2z0002x=y00000000000000 (anti-symmetric law)
0000000000000 0000000AcCcBUOO BCAOOD A=BO0OOOOOOO
OooobD00 swbantisymm OO0 0000000000 subantisymm OO0 000 oOnO
0A=BO0O200000 AcBOBcCcAOOUOODOOOUOOOapply sub_antisymm OO
ggoooooobobobboooobobobobbbdddouooooooooobbbbbobooboooo

01. apply sub_antisymm;
0000000000 A“=A0200000 A“c A0 AcCcA*€00000OOO

02. intro x; 1intro h;; by_contra hy;
gbooboobooboobooobouooboooobD «.0b0OO0OODOODOODOO 0y
0000 xe ADO0D0DODOOOODOOOODOOOOOOR:x¢ ADDODOOOODOOOO
ooooooo

03. rw [comp_def] at hy; apply hy; rw [comp.def]; exact hy;
00 hy:xeAC0000000 x¢ A000000000 hy:x¢ A°00000O0OO
0 1002zeA°0000000000 zeA°00000002x¢A0D0D0D0O0OOOO
h, 0000000 O0OOOODO

04. intro x; intro hs; intro hy; rw [comp def] at hy; exact hy hj
02000000000000D00O000000 0000000 DQODODOOOO RO
000 z€e A“00000000000000 hy:ze A°0000 LOODODOOOOO
hy:ze AA0000000 2x¢ A0D0DOODOOODODO hy,hs OOOOOOOOOOOOO
10o0o0o

goboobooobogoboboobboobooobuoooboobobooboooboon
goodooooooooboooboboobobobbobobbobbobbbbbobbbbobbobbobon
oboooobooboboobobooboobobooboboobuoooboooo
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2.3.5 Level 5/5: Complement subsets equivalence

HFAC B B‘CcA°O0O0O0O0OOOOUOOUOO0O0O0OO0OODOOOOOOOUOUOOOOOOOOOO
00000000 233000A€cB+BcA°000000000O0O00OO comp_sub_of_sub
0000000000000000 2340000A=A0000000000000000
compcompUOOOOODDO0OOOOODDOOOODDOOODOOOODOODDOODOOODOOn
goooooon

[ha: B A7) b_of_sub)
[hlj A — B] W comp_sub_oI_su
ci_ (comp_sub_of_sub) =————— (rw [comp_comp])
Brc A° (intro hi) AcB (intro h2)
AC B— B cA° TP B C A AcB o

AC B o B¢ cC A (Iff.intro)

P~ QD0000O0O0ODO0P—->QO0Q—->PO000000OO00OO0DOO00OO0O0O0
Iff.intro 0000000000 P Q0200000 P ->QO0Q—»PO00O0OOOO
000 P QOO0 (P->Q)A(Q—P)000000000ANd.intro0000000000
000000000000000000000000000000000000000

01.

02.

03.

04.

apply Iff.intro;

000000000 «0200000 -0 «<0000ODODO

intro h;; exact comp_sub_of_sub hj;

010000000mn:AScBOOOO BCcA0000O0O0ODDOOOOO AcC B}
Bcc A0 n 0000000000000

intro hy; have hy:= comp_sub_of_sub hj;

020000000 hy: BEC AO0D00DU0OOODOODOOOOOO BCg A° A <
B0 n0000000000DOhKODOOO

rw [comp_def] at hs; rw [comp_def] at h3; exact hj

00 hy: A B*“0000000 A0 A00000D000O B0 BOOOOOOOO
000000000 hs: AcBOODODOOOOOOOO

2.4. Intersection World

241 Level 1/8: And
reAAxeBrzxe ADDUOODODOODOODUODOODOOOOOODOOODOOOOOOOODO

h:xzeAArzeB
h.left: z € A

(AElim)

0000000000 0O0D00 exact h.leftdO OO
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2.4.2 Level 2 / 8 : Element of an intersection

reEANnBzxeBOOODDOUOOOO AnBUODOD interdef 00 000DO0ODOOODOO
ooodao
h:zeAnB
h:zeAArxzeB
h.right: x e B

(rw)
(AElim)

O00O0rw [inter.def] at hOOODOOOze AnBOOOzeAAzeBOOOOODOO
0000000000000 o0oo0Uo0odULean0 000000000 ooooo
00000000 exact h.right DU UDOD0OO00OO0OO0O0OU

2.4.3 Level 3/8: Intersection is a subset
FAnBCAODDOODOOOOOOOODOOODOOOODOOOO

h:zeAnB
h:xzeAArzeB (AELim)
h.left: z€ A (intro h)
zreEANB—->xecA )
(intro x)

Vz2(ze AnB — z€ A)
AnBcA

O000intro x; dintro h; exact h.leftO 000

2.4.4 Level 4/8: Proving a conjunction
reA reBr2xeAnBOO000O000O0OO0O0OO0O0O0O0OOO0DOOO0OO0OOOOOO0OOO
hi:xzeA hy: x € B
And.introh; hy: z € AAz e B
reAnB

(AIntro)

O0000Oexact And.intro h; ho OO OO

2.45 Level 5/8: Subset of an intersection

Ac B, AcC+HACBNnCUOOODODODDODOOODOODOODOOOODODODOOOOOOOOO
oooooboooog

h,: Ac B hey: AcC
reA—zeB hs:z€e A reA—-zeC hs:z€e A
r€B ze(C

And.i
zreEBAaxelC (And. intro)
reBnNC
i h3
reA—-xeBnC (micro )
(intro x)

Vz(ze A—>ze Bn ()
AcBnC

cooooobobooooooboobooooboonbn

12



01. intro x; intro hz; apply And.intro;
000 2000000000000 AcBnCO0O2xeBnCOOOOODOOOOOO
And.intro 000000000 xeBOxeCOOODOOOO

02. exact h; hg; exact hs hs;
01000000mnm 0002000000 0000000000000

2.4.6 Level 6/8: Intersection subset of swap
FAnBScBnAOOUOOOUOOOOODOOODOOUOOOOOOODODOOO

[h: € An Bj [h: x € An B]
h:zxeArzeB h:zeArzeB
h.right: ze B h.left:ze A

reBAzeA
zeBNA
reEANnB—>xeBnA
Vz(z€e AnB —>ze Bn A)

AnBcBnA

(And.intro)

(intro h)

(intro x)

e intro x; intro h; apply And.intro; exact h.right; exact h.left

2.4.7 Level 7/8: Intersection is commutative
FAnB=BnAOOOOUOUOOOOOUOODOOOOODOOOOOOOOOOOODODO 246
00000000 AnB<S BN AD inter.sub_swap A BOOOOOOOO

e apply sub_antisymm; exact inter_sub_swap A B; exact inter_sub_swap B A

2.4.8 Level 8/8: Intersection is associative
F(ANB)NnC=An(BnC)0O0O0O00O0O000000O0000000000000O0O
0000000000 subantisyym 000000000 P=QU0O00Ve(zePoze)D
Ubo0b0000 0000000000000 extO0OD0OO0OO0OO0OO
reP—>ze reQ >x€P

reEPeoxe
Vz(ze P - z€Q)

P=Q

(Iff.intro)

(ext x)

goob0obo0ob0obob0ob0obOo 20000000 DO0DLDO0ODbDODObODOoDODOobDOb

e ext x; apply Iff.intro

13



0000000 2000000000000DOO00OO0O00ODOODOOOOOO

[hi:x e (An B)n (]
[hi:z € (An B)n (] hs:=h;.left: z€ An B [hi:z € (An B)nC]
hy:=h;.left: 2 € An B hs.right: z e B hy.right: z e C
hy.left: z € A reBnNC
xreAn(Bn(C)
re€(AnB)nC —->zeAn(BnC)

(And.intro)

(And.intro)

(intro hi)

gooooboogbooobooooo

e intro h;; apply And.intro; have hp:= hj.left; exact hp.left;
apply And.intro; have h3:= h;.left; exact hz.right; exact h;.right

gobogbooooooooboooo

[hy:ze An(BnCO)]
[ha:ze An(BnC)] hs:=hy.right: x e BnC [ha:z€ An(BnC)]
hyleft: xe A hs.left: x € B hg:=hy.right: x€ Bn C
reANnB (And.intro) hg.right: z € C

(And.intro)

zxe(AnB)nC
reAn(BnC)—>xe(AnB)nC

(intro h4)

obooooboobobooobooooo

e intro hy; apply And.intro; apply And.intro; exact hy.left;
have hs := hy.right; exact hs.left; have hg:= hy.right; exact hg.right

goobohrbOooobOoobobOoobbo0oboooboobbooboobbooboon
gogoooobbbooooooooooooobobobb ho0oooobbbobbobbobon
goo

2.5. Union World

2.5.1 Level 1/6: Or
reArreAvee BOOOUOOUOOUOOUOOODUOODODOOOOUOOOUOOODOODOO

oog
h:xze A

Or.inlh:z€AvzeB

(vIntro)

UbooooboooboobbOodnO exact Or.inl hOODOO

14



2.5.2 Level 2/6: Subset of a union
FBcAuBOOOOOO

[h: z € B]
Or.inth:z€ AvzxzeB

zeAuUB
i h
:ceB—»a;eAuB(mtro )

Vz(ze B—>z€e Au B) o )
BcAuB

e intro x; intro h; exact Or.inr h

2.5.3 Level 3/6: Proof by cases

AcC, Bc(CrHAuBcCc(COOOOOODODOODOODODOOODODODDODOOOODOOOOOOO
goboobooobooboboobboobboon

[h3: z€ AU B]

hy3:x€eAvzeDB

Goal: w€C (intro h3)
Godl: re AuB—>zeC

GodL: Vz(ze AuUB — 2€() (imero )
AuBcC

OO0 hs 000000 02xe A0000 e BOOOOO0OO000000O0000DO hy, D0OO
h 0000000000000 0000000000O0DODO cases’ hy with hy h OO OO
[h3: ze Au B

hs:z€e AvzeB [hs: z€ AU B]

[h41£?’€A] [h5Z£L"€B]

hs:zeAvzxeB Goal: z€C Goal:.xeC(El.)
GhdL: e C VR

gobooboooboooboboobboobobooog

Goal: z€C ~s

[hllAQC] [thBQC]
hy:zeAd—zeC [hy: z € A]

hy:z€B—zeC [h5: = € B]
Goal: ze€(C

Goal: z€(C

ooobo0obooobooboboobobooboooboo

e intro x; intro hs; cases’ hsg with hy hs; exact h; hy; exact hy hjy
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2.5.4 Level 4/6: Union subset of swap
FAuBcBuAOOOOOO

[hi: z e AU B] [ho: z € A] [hs: = € B]
hi:xe€eAvaxeB Or.intrho: x€e BU A Or.inl hs:x€ BU A
(cases’ hl with h2 h3)
zeEBuUA .
(intro h1)

reAuB—-oxeBUA
Vz(ze AUB —>ze BuU A)

AuBcBUA

(intro x)

e intro x; intro h;; cases’ h; with hs hj;

exact Or.inr ho; exact Or.inl hg

2.5.5 Level 5/6: Union is commutative
FAuB=BuUAOOUOOOOO 25400000000 0unionsubswap 0000000
gboogoobogoo

(union_sub_swap)

AuB=BuUA

(union_sub_swap)

AuBcBuUA BuUAcCAuUB

(sub_anti_symm)
e apply sub_antisymm; exact union_sub_swap A B; exact union_sub_swap B A

2.5.6 Level 6/6: Union is associative
F(AuB)UC=AU(BuC)OOOOO0O00O000O000O000O000O0O0O0O0O0O
vbobobobobooboboboboban

Goal; Goals
re(AuB)UC -z Au(Bu() reAu(BuC)—>ze(AuB)ul

Godl: e (AuB)UC —>xeAu(Bu()
GodL: (AuB)uC=Au(Bu(C)

(Iff.intro)

(ext x)

e ext x; apply Iff.intro;

0000 200000000000000000 Geal;00OOODOO
[ho: z€ AU B [h3: z € C]
[hi:ze(Au B)u(C] GoallzxeAu(BuC) GoallzxeAu(BuC')

gﬁ%j:xeAu(BuC)
goalj:xe (AuB)uC —>zeAu(Bul)

(cases’)

(intro h1)

e intro h;; cases’ h; with hy hs;
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O0ze(AuB)uCOOUOOO0ODOOO0OD0OUOze AvBOOOO zeCOOOOO
000000000000000000xeAuBO0ODOOOOODO

[h5:$€B] .
[hy: x € A] (Or. in1) Goal;:ze BuCl (Or'(;nl). ,
[ho: z€ AU B] Goal;:zxe Au (Bu() o Goaly: xe Au (BuO) T
(cases’)

@ualy: xe Au (B uC)

e cases’ hy with hy hy; exact Or.inl hy; apply Or.inr; exact Or.inl hgy;
O00xe AuBO0O0000xe ADDDD xe BOOODOD0ODO0OO002ze ADDDOOO
0000000000000z eBO000O0OODOO Orinr0000000O00OOOOODO
000000000 xeBOOOOOOOOOOO

00000000 xzeCO00000O0O000O0ODODODOOOOOOOOO

[h3: z € C]
Goal;: Bu(C

Goaly: Au (BuC)

e apply Or.inr; exact Or.inr hs;

(0Or.inr)

(Or.inr)

00000 Goeal, OO DOODOOOODOODODOOODOO

§3. 000D
3.1. 0000

mJ000VOODOOO: O00D00D0O0D0000OVZA(z) 000000 200000 A(x)O0OO
0000000000000 00000000 V2A(:) 0000000000000 0000
O0A(x)DOOODO0O0OOODDOO0O0O0O0O0O0DO0O0D0O V2A(,) 00000 h0000RxO0O0O

A(z)000000
h: VzA(z)

——— (VElim)
hx: A(z) lm

000000 A(x) 0DO0O0D0OD0O0O0ODDOO have ho:= h xO0O000O000OO

00000000000000000000 V2A(:) 0000000000000 00000
00000 A(x) 0000000000000 0O0OD000DM200000000D00DO00DOO0O0
000000 A(x)D0D00DOODOOOO

Goal: A(x)

Goal: VzA(z) ~ W (VIntro)

17



gobobobooogoobD intro xO0UOO0OO0ODOOOO0ODODODDOOOO0OO0ODOOOOOODO
000 Lean0 0000000000001 00 20000000A(x)00D0O0O0DOOODOOODO
0VzA()DOODODODO0DO0O0D0O0D00000000000000 0000000000000
gbooobodbbooboobboobbuo z0boobbooboobbooboob o
gboobooobogoboobboobooobooboboon

O00O0Ointro x0O00O0O0 2000000000 DOO0ODOOODODOO0ODOOODODOODODOO z
O00000000000000Lean 00000000 2'000000000D00000OO0
O00000VzA(x) D000 intro x 000000000000 0OOOOOOOOOOOO

s 000000000: OO A)OO J2zA(x) 000000000 DOOOOODOOOOOOOO
Exists.intro 00000000000 0O0OD A)DOOD hODODODODOODO A)ODOO
odooboobooobooboboobboobboooboooDboobobboobbooo tbooo
h: A(t)
Exists.intro t h: 3zA(x)

(3Intro)

0000000000000000000 haveO apply 0000000000000 apply
Exists.intro t 00000000000 3zA(z)00 A) 00000000

Goal: A(t)

T =~ 3
Goal: JzrA(x) ~ GL: 3zA(x) (IIntro)

0003zA(z) 0000000000000 0O0O0OOO A(zx) D00 00000000000
gbooobbooboobbc000b0o0bbooboobbooboobbooboobn
00000 obtain0000OO0ODODODOODO h:3zA(x) D000D0O0D0O0DO0ODO0 wODO
00000000 hy: A(w)ODODOOOOOOobtain <w,hy>:= h0O0O00O0O00O0O0OO0O
gboboobogoobooboboonboobg

[ho: A(w)]
h: JzA(x)
h: JzA(x) Goal: B '
Goal: B ~ Godl: B (et

gogboobobbouogooobboooooobbbwdobbbbbooooobb by w
O0A(w) 000000000000 0O0OD0O0OO0O0O0O00O00O00O00O00D0DO0D0OD0ODO0OOO
gobobobboooddwbhbDOOOOoOooooDbbbbOooooooobobbbooooobooboobo
gboogooobooboboooboobo
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3.2. Family Intersection World

3.2.1 Level 1/6: Family intersection is subset
Ae F-r(FcADOOOOOODDODOOOOOOOOOOO (OOOOODDODOOOOOOO

goo
xeﬂF «— VSeF. rxeS < VS (SeF —»zelb)

0000000000000000000000000000({S;:iel}0 (S 000

goo
[ho: x € () F]
hy:VSeF.xe S
hy: VS(Se F -z € f)

VELi
ho At Ae F>z€e A (VELim) [hi: A€ F
reA
(intro h2)
xeﬂF—mveA(mro )
int
ﬂFgA intro X

e intro x; intro hg; have hz:= hy A; exact hs h;

3.2.2 Level 2/6: Intersection of larger family is smaller
FEGI—ﬂGgﬂFDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
DDDDDDDDDDDDDDHDDDDD fam inter def 000000 0OOOOOOODOO

[he: 2 € (NG] - [h,: F <G
hy:VZeGrxeZ :
hy:VZ(ZeG —xeZ) h:SeF—S5eG [hs: S e F]
hQSZSEG—>IE€S hlhngeG
—SGEOEII*—‘]-:—?ESS (intro h3)
VZ(ZeF —wzez) oS
VZe FxeZ )
re(F rw( )
intro h2
re(VG—-xe(F
%GCHFH (intro x)

e intro x; intro hg; rw [fam_inter_def]; rw [fam_inter_def] at hs;
DDDDJUEﬂFDDDD[ll]DDﬂDDDDDDDDDDDDDDDDDDDDDDD
hQDﬂDDDDDDDDDDDDDDDD

e intro S; intro hy; have hy:= h; hy; have hy:= hy S; exact hy hy

0000 zeSOOOO00O0O0ODODODOOOOOOOOOODODOOOOOOOOO
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3.2.3 Level 3/6: Intersection of a pair

HANnB=(){4,B}0000000000000000 pairdef0000000000O00
goooooodoooOooooboooooooboU0boUbDoUoDbOoUoDOOoUoDOoUDoUDOo 2
gboooooobooboon

Goal;: wz€ An B —xe(\{A, B} Goaly: we(\{A,B} >z AnB
reAn B ze(\{A B}

(Iff.intro)

(ext x)
AnB={4,B} o
e ext x; apply Iff.intro;
O0200000000000000000
[hi:z€ An B] [hi: 2z € An B]
[ho: S € {A, B}] [h3: S = A zeA [ha: S = B] Tz €B
mS—Avs—B ™" zes () ze8 (xw)
z€eS .
Sc{AB] szes M 22)
VZe{ABl.zes e ®
= € ({4, B} (N)(‘ hi)
reAnB—ze( {4, B} intro
e intro h;; rw [fam inter def]; intro S; intro hy; rw [pair_def] at hs;

(\00000000000000000000000 zeSO00O0000000000 hy
gboobooboobooboboboo

e cases’ hy with h3y hy; have hy:= hy.left; rw [<-hg] at h;; exact hs;
S=A0000 S=B000000000000000hs:2€e A0000O0Ng: S=A4
0000 zeSO00000000xw [h3] 0O0SO ADODODOOODOOOOOOOO
0000000000 mMmAO SOU0D0ODO0U000OD0D0O000000 rw [k-h3l OOOOO
ooooooon

e have hg:= h;.right; rw [<-h4] at hg; exact hg;
S=BO0O000000Oh:xe BOOOOOh: S=B0000000 xeSO0O0O
oono

02000000000000000000

Goaloq:z€ A Goalss: z € B

Goalid: xe An B
Goalg: xe (WA, B} »re An B

(And.intro)

(intro h7)

e intro hy; apply And.intro;
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000Goal,; 0000000000 ODO0

[h7: 2z e ({4, B}]

rfl: A=A ,
h:VSe (A, B}.zes Ao Ay Asp O
hy A: Ae {A,B} > ze A %a;Ae@&B}iwl)
GHdL: z€ A it

e ry [fam inter def] at h;; have hg:= h;y A; apply hg;

00 h,0(\OODOO0ODDOO0O0O0O0D0ADOOODOOOOODOOODOOOOO xzeAD
0Ae{A,B}OU00O0ODOODO

e rv [pair_def]; apply Or.inl; rfl;

0000000000000 00oDoo000o000000000 A=AD000O0O00O0O0O0O
rfl1000000000000000000 LeanOOOOO

0000000 Goalk, 0000000

[h7: 2z e ({A, B}]

rfl: B=FB .
hy: VS e {A,B} resS () B—AvB-2B ((Ur.)lnr)
h; B: Be {A,B} >z€B %ﬂ;Be{AB}iwl)
Godl: x € B PPy

e riv [fam inter def] at h;; have hg:= h; B; apply hg;
rw [pair_def]; apply Or.inr; rfl;

3.2.4 Level 4/6: Intersection of a union of families

F(NF)n(NG) »zeN(FuG)ODODODO00D000000000000000000000
0000000000000 0000000000000000000000000000000
000000000000

Goalyj1:z €[ F Goalio:z€[\G

goaly: x e (NF) N (NG)
Gdly: ze((FuG) —»ze(NF)n(NG) (intro h1) Goala: z € (NF)n(NG) > zeN(FuUG)
GHL: ce(FuUG) »ze(ONF)n (NG (Iff.intro)
G NFod) =N~ &

(And.intro)

e ext x; apply Iff.intro; intro h;; apply And.intro;
ubooboobobooboobbooobooboobbonbboonD Geal; OODOO
Oob0o0ooboobOoooooobo0ooboboOoboOo0o0noOn Goaly O Goal; o000
ooooo

21



O000Goal,; 0000000000000

[hi: 2z e ((FuG)
h1:VZeFuG.er(rw> [ho: S € F|
hiS: SeFuG—>zxzef SeFuUG
__zeS
SeF—-zeld
VZeF.acZ

ze(F

(intro h2)
(intro S)
(rw)

e rv [fam_inter_def]; rw [fam_inter_def] at h;; intro S; intro hs;
(} 0000000000000 000D zeSO0DO0O0OO
e apply h; S; exact Or.inl hs;

hSOOODODDODOOOOOxzeSO SeFuGDUOOOOOOO KL, ODODOODOOOO
gooogn

00 Goal o UOOOOOOOOOOOOO

[hi:ze((FuG)
hVZeFuG aeZ °%  [hy:Seq] -
hS:SeFuUG —>x€S SeFuG

resS
SeG—ozel
VZelG.xeZ
ze(G

(intro h3)
(intro S)

(rw)

e rv [fam_inter_def]; rw [fam_inter_def] at h;; dintro S; intro hs;

apply h; S; exact Or.inr hjg;

U00Goal, DO OODOODODO
[he: S € F] [h7: S ed]

[hs: Se FuG]| zes zesS
zeS
SeFuG—zelS
VZeFuUG.ze”Z
ze((FuG)

ze(NF)n(NG) -2z (FuUQ)

(cases’)

(intro h5)
(intro S)
(rw)

(intro h4)

e intro hy; rw [fam_inter_def]; intro S; intro hs; cases’ hs with hg hr;

0000 zeSOODO00O0O0O0OOD K,000000000O0OO
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SeFO00000O0O0OODODOOOO

[hs:ze (N F) N (NG)]
hyleft:z e F
hyleft:VZe F.xe Z
hileftS: SeF saes % s SeF)
xesS

(rw)

e have hg := hy.left; rw [fam inter def] at hg; apply hg S; exact hg;

Se{O00000O0O0OO0OODOC

3.2.5 Level 5/6: Subset of an intersection
FAc(F—-VBeF AcBOOOOOOOO0OOOOOO apply Iff.intro 00000
oo ooobbbbbboboboooooobooboobbbobobon
gooo
[hlAng]
hi:xeAd—ze(F [h3: z € A]
hlhg:xeﬂF
h1h31VS€F.3§‘ES
hlthiBEFHIEEB [hQZBEF]
reB
reA—>zeB
Ac B
BeF—->AcCB
VBeF.AcC B
Ac(F—>VBeF. AcB

(rw)

(intro h3)

(intro x)

(intro h2)
(intro B)

(intro h1)

e intro hy; intro B; intro hy; intro x; intro hj;
0000000000000 0000000000ze BO0OOOO0OO
e have hy := hy hy; rw [fam inter def] at hy; apply hy B; exact hy

gooboobooobooboboobboobboobuooobooo

[hs: VB e F. AC B
h;S: SeF—>Ac S [h7: S e F]
hsSh;: AC S
reA—-xefS [he: x € A]
zesS
SeF—-zxzef
VZeF xzeZ
zeNF
reA—ze(\F
AcOF
VBeF.AcB—->AC(\F

(intro h7)
(intro S)
(rw)

(intro h6)

(intro x)

(intro h5)
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e intro hs; intro x; intro hg; rw [fam_inter_def]; dintro S; intro hy;
O0000000000b0D0bDO0bDO00gboxzeSO00O0OOO0O
e have hg:= hy S hy; apply hg; exact hg

3.2.6 Level 6/6: Intersection of a family of unions

VSeF.AuSeGHGCc AuFOOODDODODOODODODODODOODODODODODOODOOOOO
ubboodobooboooboboooobbooobobooobobooooboooobobooboan
ooo0 Pv—-POOOOOOOOOODODOOOOOD Pv—-POOOOOOOOODOODODOO
by casesO0O0OOby.cases h: POOOODOOOOOODOOOOO PODOD —POOCOOO
oboooooooaono

[h:.P] [h: —.P]

Pv—-P Goal: Q Goal: Q

by _
Goal: @ ~ GodL: @ (by-cases)
gdodbodoooootouoboboooooooon
[h21$¢A]
[ho: x € A
——————— (0Or.inl) .
reAve¢A xeAU(F re AV F
(by_cases)
re AuNF : )
i hi
xe(1G—-axeAUF ?ntro
ﬂGEAUﬂF (intro x)

e intro x; intro h;; by_cases hy: x€A; exact Or.inl hy;
0000000000000 000000D0U00Dze ADDODOD x¢ ADODOODOODO
000000000000 x€e A000DO0ODOOCOOOOODOO

DDDDDD|:||:|JJ¢ADDDDDDDDDDDDDDDDDDDDDDDDD
€S (intro h3)

SeF—zel o
. (S
— (rw)

e apply Or.inr; rw [fam inter def]; intro S; intro hs;

goobooboboooboobobooboboobboobooobooboboobbooboon

[hi: z € (G] [h: VSeF. Au SeG]
nvZeG aeZ nS:SeF >AuSeG  [hy:SeF]
hy:=h1(AuS): AuSeG—-zecAuUS hs :=hShs: AuSed

hg := h4h5:xeAuS
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e rw [fam_inter_def] at hy;; have hy:= h; (AuS); have hs:= hShgs;
have hg := hy hj;

gbooboooboooboobbooboooboobobogn
[ho: z ¢ A] [h7: z € A]

44J147 (by-contra)

[he: z€ AU S] xesS [hs: z € S]
xeS

(cases’)

e cases’ hg with hy; hg; by_contra hg; exact hy hy; exact hg
O000zeAD 2xeSO0O0000000O0O0O0O0OO0O0DOO0OO0OOOO0OO0O LOOO
000000000000 0000000 ¢ A0 xe A0DDOOODOOOOOOOO
gboobobobobobOobOobOobOoboOobDoboobooooooo

3.3. Family Union World

3.3.1 Level 1/7: Proving existential statements
F35.ScA00000000O0O0COOOO0OOO0O0O0OOOOOOOOOOOO

AcCA
15.5c A

(Exists.intro)

O00D0DAcCc A0D00D0 225000000000000000 subref 000000000
goobooboooboobbooboobobooboboobooobooo

e apply Exists.intro A; exact sub_ref

3.3.2 Level 2/7: Subset of family union
AeFHrAcCc|YFOODOODOOODYFOOODODOOOODOOOO

erF < 3SeF.zefS < 3S. (SeFArzxel)

oooo0obooboboobboooboobobooboboooboo

[hllAGF] [hg:xGA]
AeFrxeA
3S. (Se FAaxzel)

iSeF.zef
reJF
reA—-zxelF
Ve (zre A—-xzeJF)
AcJF

(And.intro)

(Exists.intro A)

(rw)
(intro h2)

(intro x)

e intro x; intro hy; rw [fam_union_def];

apply Exists.intro A; exact And.intro h; hy
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3.3.3 Level 3/7: Union of larger family is larger
FcGr|JFcS|YGUOOODOOODODOOOOOO0O0O00000000

iSeG.xze S )
zeJG _
reUr ey o
UF <G

e intro x; intro hy; rw [fam_union_def];

00000000 FecGOezeJFOOOOOOODOOO3SeF.2eSOO000O0OOOO
gboboobogoboobboobboooboobbuoobbooboooboon

[ho: Jz e |JF] [hB: Be F A z € B]
hy:3SeFaes O [he: 3z € | F] :
: h:3ScFzes ™  Goal: 39€G.zeS
Goal: 3SeG.z€e S ~ Gbdl: 3ISeG.ze S (obtain)

e rv [fam_union_def] at hy; obtain <B,hB>:= hy;

gooooobobooooooboobooood

[hB: x € B A B e F]
[hi: F €G] hB.right: Be F [hB: 2 € B A Be€ F]|

Bed hB.left: z € B
BeGAnzeB
1SeG.x€ S

(And.intro)

(Exists.intro)

e have hp := hy hB.right; have hs:= And.intro hy, hB.left;

exact Exists.intro B hj
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