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Abstract

In this paper, we introduce the notion of the hybrid Baire hierarchy to generalize the classical
result by Lebesgue, Hausdorff, and Banach on the equivalence between the Baire hierarchy and
the hierarchy of Borel measurable functions. Moreover, we show some variants of the Jayne-Rogers
Theorem at transfinite levels of the hierarchy of Borel measurable functions. To prove these theorems,
the Shore-Slaman Join Theorem on the Turing degrees is essentially used.

1 Introduction

1.1 Summary

Lusin’s old problem was whether every Borel measurable function is countably continuous: If the preim-
age of each Borel set under a function is again Borel, then can the function be decomposed into countably
many continuous functions? The Lusin problem has been negatively answered in the old days. But then,
which Borel measurable functions are countably continuous? Hausdorff introduced the well-known hier-
archy of Borel sets of length w;. Where is the boundary of countable continuity in the hierarchy of Borel
measurable functions? For countable ordinals &, ( < wq, a function is called (22, Eg)—measurable if the
preimage of each X set is 3. If £ < ( or ¢ > w, then it is easy to construct a (32, 3¢)-measurable func-
tion which is not countably continuous. A remarkable theorem proved by Jayne-Rogers [4] states that
the (29, 29)-measurability is equivalent to the IT{-piecewise continuity, i.e., the decomposability into
countably many continuous functions with closed domains. Moreover, Semmes [8] showed that, on Baire
space, the (X9, X9)-measurability is equivalent to the ITI3-piecewise continuity. The countable continuity
and the w-decomposability at all finite levels of Borel hierarchy was studied by Pawlikowskia-Saboka
[6] and Motto Ros [7]. The STRONG GENERALIZATION CONJECTURE ([7, Conjecture 1.6]) states that,
for every function on separable metric spaces with analytic domain, the (X% 15 E% k4 1)-measurability
is equivalent to the Hg 4 p-Diecewise 22 1-mmeasurability, i.e., the decomposability into countably many
Eg 1-measurable functions with H?L 4, domains, at all finite levels n, k € N.

In this paper, we introduce the notion of the countinuous (Eg, 22)-mea5umbility and the hybrid
Baire hierarchy to generalize the classical result by Lebesgue, Hausdorff, and Banach on the equivalence
between the Baire hierarchy and the hierarchy of Borel measurable functions. We show that a function
is countinuously (29, ,, 22+k+1)—measurable if and only if it is Hg+k—piecewise 22+1—measurable if and
only if it is of hybrid Baire class (n, k), at finite levels k < n # 1. Moreover, we show some variants of
the STRONG GENERALIZATION CONJECTURE on the Jayne-Rogers Theorem at transfinite levels of the
hierarchy of Borel measurable functions.

1.2 Preliminary

Definition 1. Let I',E be some levels of the Borel hierarchy. Call f : X — Y (T, E)-measurable if
f71(A) e Eforevery A€ . Call f: X — Y continuously (T, Z)-measurable, if it is (T, E)-measurable,
and the function f~! : T'|y — E|x is continuous, i.e., there is a continuous function which maps a
given Borel code of each A € T' to a Borel code of f~1(A4) € E. If a function is (continuously) (29, Z)-
measurable, then it is also called (continuously) E-measurable.

Remark. Brattka [1] pointed out that a function is X{-measurable if and only if it is continuously 39-
measurable. Thus, if a function is 3)-measurable, then it is continuously (29,,,,%9%_  )-measurable.



Pauly-de Brecht [5] also pointed out that a function is (X9, 39)-measurable if and only if it is continuously
(29, 29)-measurable.

Definition 2. For a point class I', and a property A of functions, a function f : X — Y is I'-piecewise
A if there is a countable partition {Q;}ien of dom(f) such that Q; € T', and f | Q; satisfies A for each
i € N. A function is countably A if it is I'-piecewise A for some T'.

Definition 3 (Pointwise discrete limit). Fix a discrete space D, and topological spaces X, X,,, X, and
Y, where X, C X¥ C X. A pair (f,9) of a sequence f = {f,}nen of functions f, : X, — Y and a
sequence § = {8, tnen of functions 6, : X — D is discrete if 6,(x) = 6, (z) implies f,(x) = fin(z) for
any x € X and m,n € N. The first projection g :C X — Y of the pointwise limit of the discrete pair
{(fn,0n)}nen is called the pointwise discrete limit of (f,0), where (fn,d,) : Xy — Y x D for each n € N
is defined as (fn, 0n)(z) = (fn(x), dp(x)) for each x € A,,. Then, we also say that the discrete pair (f,J)
converges to g.

The discrete Baire hierarchy of total functions was introduced by Csédzar-Laczkovich [3] (see also
Bukovsky [2]). We introduce the discrete Baire hierarchy for partial functions.

Definition 4 (Discrete Baire hierarchy). Let X, ) be topological spaces, and f be a function from X
into ). The function f is of discrete Baire class 0 if it is continuous. For any countable ordinal £ > 0, the
function f is of discrete Baire class £ if it is the discrete pointwise limit of a discrete pair {(f,, dn) tnen
of sequences of functions f,, and d,, of discrete Baire class less than ¢ with dom(f,,) C dom(é,) 2 X.

Corollary 9 states for any n € N that a function is continuously (29 ,,, 39  ,)-measurable if and only
if it is II-piecewise continuous if and only if it is of discrete Baire class n.

Definition 5 (Hybrid Baire hierarchy). Let X,) be topological spaces, and f be a function from X
into V. Let £ < w; be a countable ordinal.

1. The function f is of hybrid Baire class (&,0) if it is of Baire class €.

2. For a limit ordinal £, the function f is of hybrid Baire class (< &,0) if it is of Baire class ¢ for some
¢ < &; For a successor ordinal £, the function f is of hybrid Baire class (< £,0) if it is of Baire class

¢.

3. For any countable ordinal ¢ > 0, the function f is of hybrid Baire class (§,¢) if it is the discrete
pointwise limit of a discrete pair {(fn, dn) }nen of sequences of functions f,, and §,, of discrete Baire
class (&, 7) for some 1 < ¢ with dom(f,,) C dom(é,) 2 X.

4. The notion of hybrid Baire class (< &, () is also defined by the same way.

Our Main Theorem 8 states for certain countable ordinals &, ( < w; that a function is continuously
(32,1, 22, ¢, 1)-measurable if and only if it is of ITY, .-piecewise Baire class < §(¢,¢) if and only if it is
of hybrid Baire class (< §(&,(),&). Here, §(&, () is the least ordinal ¢ such that § + £ > £+ .

2 Main Theorem

Definition 6. £,{ < w; be countable ordinals. Then the ordinal §(, () is defined as follows:
(&) =min{d <wy :d+&>E+ (T

Example 7. §(m,k) = k + 1 for any natural numbers m, k € N; and 6(w, k) = w for the least infinite
ordinal w and any natural number k € N; If ¢ < &, then 6(§,¢) < ¢&.

Theorem 8. For any countable ordinals £,( < wi with ( < & # 1, and for any partial function
F :C NN = NN the following four conditions are equivalent.

1. F is continuously (32, 1, ¢, ., ,)-measurable.

2. F is continuously (Hg(i o) 22+<+1)—mea5umble, and countably 225(5 o (X)-measurable.



3. F is of hybrid Baire class (< 6(¢,(),¢&).
4. F is of H2+C—pz’ecewise Baire class < §(&, ()

Corollary 9. For any n > 2 and for any partial function F :C NN — NN the following four conditions
are pairwise equivalent.

1. F is continuously (X9, %9 |)-measurable.
2. F is continuously (I1Y, 29 | )-measurable, and countably continuous.
3. F is of discrete Baire class n.
4. F is TI? -piecewise continuous.
Corollary 10. A function is (X9, X9)-measurable if and only if it is continuously (X9, 39)-measurable.

Proof. Semmes [8] showed that a function is (X9, 39)-measurable if and only if it is TI-piecewise con-
tinuous. O

Corollary 11. A E%H—measumble function is countably continuous if and only if H(T)LH—pz'ecewise con-
tinuous.

Proof. Clearly, if a function is TIO L 1-Piecewise continuous, then it is countably continuous. Every »0 -
measurable function is continuously (IT¢, %Y ,)-measurable. Hence, by Theorem 8, if such a function is
countably continuous, then it is IT)  ;-piecewise continuous. O

Proposition 12. There is a function on [0,1] which is 32, -measurable, and I1O_ | -piecewise continu-
ous, but not (I19, X0 | )-measurable (hence, not IIO -piecewise continuous).

Proof. Fix a II? 41-complete set P C 2N, Then there is a partial computable function ® such that
P ={zx €2V : #dom(®(x"V)) = c0}. Set 27> = 0. The function F : 2N — [0, 1] defined by

F(z) = 2 #om(@E)

is (effectively) 39, -measurable, and ITY_ -piecewise continuous, but not (II9, 39 ,)-measurable. To
see the X9 | -measurability of I, note that, for each m € N, the conditions #dom(®(z("~)) < m and
#dom(®(z™ D)) > m are TIY (™~ D) and X9 (z(™= 1) (hence TI% (z) and X9 (z)) respectively. Thus, F
is 30 ;-measurable. Moreover, F' is IT)  ,-piecewise continuous (indeed, IIY  ;-piecewise computable),
where a countable partition of dom(F) is given by {F~'({27"})}nenufoc}- The preimage F~1({0}) of
the IT) singleton {0} is exactly P which is I1%_ ;-complete. Hence, F~*({0}) is not 39 ;. O

3 Kumabe-Slaman Forcing

The key lemma used in our proof of Theorem 8 is the following result on Turing degrees.

Theorem 13 (Shore-Slaman Join Theorem [9]). Let & be a computable ordinal. The Turing degree
structure (D, <,/ , ®) satisfies the following formula, for each k € N.

(Va,b)(3c > a) [(V¢ < &) b g al®) — (c® <b@a® <bac).

For £ =1, it is just the Posner-Robinson Join Theorem. For finite ordinals £ < w, it was the problem
proposed by Jockusch and Shore. The main tool to show it was introduced by Kumabe and Slaman
who showed the join theorem for ¢ = w. Finally, Shore and Slaman proved the join theorem for all
computable ordinals £. By combining with the Slaman-Woodin double jump definability theorem, they
applied the join theorem for £ = 2 to show that the Turing jump is first-order definable in the partial
ordering (Dr, <) of Turing degrees.

We use the Shore-Slaman Join Theorem to show our main theorem. For Corollary 9, we only require
the Shore-Slaman Join Theorem for £ = 1, i.e., the Posner-Robinson Join Theorem. To show the theorem
8 on all levels of Borel hierarchy, we need the Shore-Slaman Join Theorem for all countable ordinals
¢ < wy. By analyzing the proof of Shore-Slaman [9], it is not difficult to see the theorem for countable
ordinals ¢ < wf, for any R € NV, Here, wF is the least countable ordinal which is not computable in R.



Lemma 14. Let R € NN be a real of Turing degree v, and & < wf be a countable ordinal. The Turing
degree structure (D, <,/ ,®) satisfies the following formula, for each k € N.

(Va,b)(Fc >aadr) (V<& b (adr)9) - (c® <b@(@aar)® <bac).

Here, the notion d®) could be ill-defined. Therefore, if R is fized, by A€ only for d > r, we denote
the &-th Turing jump relative to R which is defined along with Kleene’s system O of ordinal notations
relative to R. Then, the notion d®®) = d&®) ford > r and ¢ < Wi turns out to be well-defined, as the
Spector uniqueness theorem (but, d€%) and d'€%) could be different, for S # R, even if d > max{r, s}
and ¢ < min{wf, wP).

4 Lightface Hierarchy and Relativization Lemmata

Our representation of the Borel sets is essentially same as Brattka [1].

Definition 15 (Effective Borel sets). Let (X,d) be a separable metric space with a countable base
{B,}nen. Fix an oracle R, and let OF denote Kleene’s system of ordinal notations relative to R. Here
we assume that 1 € OF represents the ordinal 1. We define representations p[29 5] : NN — 22|X,

pl® 5] « NV — Y|, and p[A) g] : NN A|x for each a € OF. Here, ¢ < wf is the ordinal
represented by a. Let p € NY be a real, and a € OF.

. P[E%R] (p) = UneN Byn)-

2. p[II. gl(p) = X\ p[20 ] (D).

3. plAL Rl @) = p[E0.R(p), if and only if p[E 5](p) = p[II, 5)(9)-
4. 1f a = 2°, then p[9 gl(po, p1,---) = Upen AL £)(Pn)-

5. 1fa =35, then p[B0,5](p0,p1.---) = Upers A, (o) (0n)-

If R is fixed, for & = |a|pr, we simply write Eg =30 ., Hg = IIY ., and Ag = A% .. For
I' e {$,II,A}, and X >1r R, aset A € 1"2 is represented by an X-computable real p € NV, ie.,
p[TY](p) = A, then A is called a TY(X) set (for instance, if T' = X, then it is a ¢(X) set). For such p,
if p=®.(X), then e is an ['Y(X)-index of A, and A is also called the e-th T(X) set.

For T'A € {Z,II,A}, £,¢ < wf, and X > R, a function F : Y — A is continuous (resp. X-
computable) if there is a continuous (resp. X-computable) function f : N¥ — NN such that the following
diagram commutes:

—_

NN *f>NN

p[l“g]i lp[Ag]

o_F 0
e — A
The effective hierarchy of Borel measurable functions has been studied by Brattka [1].

Definition 16. Let R, X,Y € NN be reals, ¢,( < wf be ordinals, and f be a function between com-
putable metric spaces X and ).

1. fis X-Markov (Eg, ZE(Y))-measumble if the preimage f~1(A) € Zg(X @Y) for any A € Eg(X),
and f~1: Zg(X)b; — EE(X ®Y)|x is X-computable. In other words, there is an X-computable
function d : N — N such that d(e) is a ¥2(X @ Y)-index of the preimage f~'(A) of the e-th (X))
set A C ), for any e € N.

2. fis X-effectively (£, %¢)-measurable if it is (32, 32)-measurable, and the function f~': 32|y —
Eg| x is X-computable. In other words, there is an X-computable function d : N¥ x N — N such
that d(Y,e) is a Zg(X @ Y)-index of the preimage f~'(A) of the e-th Zg(Y) set A C Y, for any
(Y,e) € NV x N.



Proposition 17. Let R € NY be a real, and ¢ < wi be an ordinal. Assume X >7 R. Then, a function
is X -effectively Eg-measumble if and only if it is X-Markov Eg-measumble. O

Lemma 18 (Relativization I). Let &, < wy be countable ordinals. A partial function f is continuously
(Eg, 3¢ )-measurable if it is R-effectively (Zg:R, E%R)-measumble for some R € NN with £, ¢ <wf. O

Definition 19. Let I' be a lightface pointclass, and A be a property of functions. A function f: X — Y
is D-piecewise A if there is a covering {Q; }ien of X such that the sequence {Q;}ien is uniformly T, and
f I Q; satisfies A uniformly in 7 € N.

Lemma 20 (Relativization II). Let £ < wy be a countable ordinal. Let T be a lightface pointclass, and

T be its boldface version. A function is I'-piecewise Eg-measumble if and only if it is T(R)-piecewise
R-effectively E%R—measumble for some R € NN with ¢ < wit.

Proof. If f is I'-piecewise Eg—measurable, then we have a countable partition {X;};cy such that X; € T
and f; = f | X; is Eg—measurable for each i € N. Choose a real @ € NV such that £ < w?. Then, for
each i € N, X; is I'(w;) for some real z; € NV, and f; is (¢; @ Q)-effectively EQ:Q—measurable for some real
c; € N, Consider functions p, q : N — N such that X is the p(i)-th T'(z;) set, and f; is the q(i)-th partial
(¢; ® Q)-effectively Eg—measurable function, for each i € N. Put R=Q ©p® q D P,y vi © Py i
Then, {X;}ien is uniformly T'(R), and {f;}ien is uniformly R-effectively Zg:R—measurable. Hence, f is
I'(R)-piecewise R-effectively Eg: p-measurable. O

Lemma 21 (Relativization III). Let £ < wy be a countable ordinal. A function f is countably 22+1—
measurable if and only if there is R € NN with £ < wF satisfying the following condition:

f(x) <r (z® R)®, for any x € dom(f).

Proof. By Lemma 20, if f is countably X9 L 1-measurable, then there is a pointclass I' such that f is
I'(R)-piecewise R-effectively Eg y1-measurable for some R. If g is R-effectively Eg 41-measurable, then
g(x) <7 (x @ R)© is satisfied for any z € dom(g) by the universality of the Turing jump. Conversely,
for some R € NV, if a function satisfies f(x) <7 (z @ R)© for any x € dom(f), then define Q. = {x €
dom(f) : ®.((x @ R)®) = f(z)}. Note that F.(z) = ®.((z @ R)©)) is R-effectively %2, ,-measurable.
Clearly, |J, Qe = dom(f), and f [ Qe = Fe [ Q.. O

Definition 22 (Effective hybrid Baire hierarchy). Fix R € N¥, X > R, and let ¢ < wf be a countable
ordinal. Let f be a function between computable metric spaces.

1. fis of X-effective hybrid Baire class (0,0) if it is X-computable.

2. fis of X-effective hybrid Baire class (£,0) if there is a uniform sequence {Gy }ren of functions of
X-effective hybrid Baire class (¢, 0) for ¢ < £ which converges to f.

3. For a limit ordinal &, the function f is of hybrid Baire class (< &,0) if it is of Baire class ¢ for some
¢ < &; For a successor ordinal £, the function f is of hybrid Baire class (< £,0) if it is of Baire class

€.

4. For any nonzero countable ordinal ( < wf, the function f is of X -effective hybrid Baire class (£, ()
if it is the discrete pointwise limit of a discrete pair {(fn, 0 ) }nen of uniform sequences of functions
fn and d,, of discrete Baire class (£,n) for some n < ¢ with dom(f,) C dom(d,) 2 dom(f).

5. The notion of X-effective hybrid Baire class (< &, () is also defined by the same way.

A partial function F is of [-effective Baire class n if it is of [-effective hybrid Baire class (n,0). A
partial function F is of 3-effective discrete Baire class n if it is of -effective hybrid Baire class (0,n).

Lemma 23 (Relativization IV). Let &, ( < wy be countable ordinals. A function is of hybrid Baire class
(€,¢) if and only if it is of R-effective hybrid Baire class (£,() for some R € NN with &, ¢ < wit.

Proof. If a function is of hybrid Baire class (£, ¢), then it is constructed from countably many continuous
functions. Hence, we choose an oracle R in which these continuous functions are relatively uniformly
computable. O



5 Proof of Main Theorem

Lemma 24. Let R, X,Y € NY be reals, and &,¢ < wf be ordinals. The following are equivalent for any
partial function F :C NN NN,

1. F is of X-effective hybrid Baire class (< §(&,(),§).

2. Fis Hgﬂ (X)-piecewise X -effectively 226(574)-mea5umble.

3. For every x € dom(F), there is n € N such that F(z) <7 (x ® X)) where {n(n)}nen is
an R-computable increasing sequence of ordinals with lim,(n(n) + 1) = §(¢,¢). Moreover, its
index and n is (x ® X)(f+<)-computable uniformly in x € NN, i.e., there is a computable function
U A :C NN — N such that, for any z € dom(F),

2@ X)(EHO
F(z) = Py apx)eto)((z @ X) A (=®X) M),

Proof. We only describe the case for finite { =n,{ =k € N.

(1)—(2): Assume that F is a function of X-effective hybrid Baire class (k,n). For a discrete function
(G,6) : Nx X — Y x N, we denote the pointwise discrete limit of (G,d) = {(Gp,0n) }nen by lim(G,d),
and write limy, o0 (Gp, 0,) = (im(G, 0),lim(d, §)), where note that (,0) is a discrete function whenever
(G, 9) is discrete. Since F is of X-effective hybrid Baire class (k,n), there is a X-effective X{-measurable
functions (G, d) = (Gs,05) zeyn : N* X X — Y x N, which are discrete and

F= lim ... im (G, . vn» 00, 00)
V] —00 Vg — 00

Then, (G,d) = {(Gy,d,)}ven, Where (Gy,0y) = limy, oo - liMy, 0o (G vs,...o00 5 Ov,vs,.. 0, ), 15 OF
X-effective hybrid Baire class (k,n — 1). It is easy to see that, an (z @ X)®)-index of (G,,d,)(z) is
(x @ X)(*+*=1_computable, uniformly in = and v. We also have a total (z @ X)™+*~1_computable
function §* : N — N such that, if lim, §*(v) exists, then lim, d,(z) exists and lim, 6*(v) = lim, §,(x),
by defining 6*(v) to be the d,(x) for the greatest v < v such that d0,(z) is defined by stage v in the
(z @ X)"tk=D_relative computation of {,(x)}yeyn. By uniformity and totality, the graph {(z,v,e) €
NV x N?: §%(v) = e} is A, (X). Consider the following set P, s for each e, s € N.

Poy={zeNV: (vt >s)6%(t) =e).

This set is 119 +1(X), and its index is uniformly calculated from e,s. Moreover, G, | Pos = F |
P. s, by our definition of 6. Consequently, F is II]  , (X)-piecewise X-effectively X-measurable via
{Pe,s; Ge}e,sEN-

(2)—(3): Assume that F is I, (X)-piecewise X-effectively X0, -measurable, via a uniform se-
quence {P.}een of IIY (X)) sets and a computable sequence {ge}een of X-effectively X , -measurable
functions with F | P, = g, | P.. Then, clearly, g.(z) is (z ® X)®)-computable, and its index is com-
putable uniformly in e € N and 2 € dom(g.). Let d : N¥ x N — N be a computable function such that
d(x,e) returns an (z ® X )*)-index of ge(x). As {Pe}een is uniformly 110, (X), we can also compute the
least e with 2 € P,, by an (z @ X)("t¥)_computable way, uniformly in z. By c(z), we denote its index.
Then, E((z ® X)) is defined to be d(x, c(x)). If e is the least number with # € P,, then it is easy
to see the condition

P p(zax)m+m (T @ xX)®) = Py(a,e)((z @ X)®) = ge(x) = F),

as desired.
(3)—(1): For each natural number z € N, fix a computable function J*) : NN x N* — NN satisfying
the following condition:

y® = lim ... lim J(Z)(y,ul, ceeyUy).
U] —00 U, —00
For each 5= (s1,...,5,) and x € N, define Gz(x) and 6z(z) as follows:
Gs(x) = Sniillgoo e snii,fgoo Dy (g0 (0 X 5o st sesman)) (T (& X, 8011, g2, Sntk))-
0z(z) = lim ... lim \D(J("+k)(x B X, 5, 841y -y Sntk))
Snp41—00 Sn4k—00



Clearly (Gs,65) is X-effectively ©9 | -measurable uniformly in 5, and Gg(z) = @5, ((z & X)*))
holds. Note that, for any z, & and £, if 6z(2) # d7(z), then Gz(2) # G(x). For §€ N*~1 we first define
(G, 03)(t,x) = (Gs(z),054(x)), and take its pointwise discrete limit. By iterating this procedure, F'
is easily constructed as pointwise discrete limits of {(Gz, dz)}sen<». Hence, F is of X-effectively hybrid
Baire class (k,n). O

Lemma 25. Let R, X,Y € NN be reals, and &, < wf be ordinals. The following are equivalent for any
partial function f:C NN — NN,

1. fis X-Markov (2,1, %2, -1 (Y))-measurable.
2. f is X-Markov (H E§+C+1(Y))—measumble.
3. f is X-Markov (ZZ67 AHCH(Y))-measumble,

Proof. The equivalence of the conditions 1 and 2 is easy. Assume that f is X-Markov (%9 €410 Zg et (Y))-
measurable. Then, by an X-computable way, we can calculate Eg +C +1(X @ Y)-indices of f~ 1(A) and
STHNNA A) from a ¥2(X)-index of A € NY and a IT{(X)-index of N\ A. Clearly, the whole space
N"is the disjoint union of f~'(A) and f~'(N"\ A). Therefore, f~'(A) is A2, (X @Y), effectively
in Zg(X ) sets A C NN, Conversely, assume that f satisfies the condition 3. Then, for a given Zg(X )
set S = Upen Pr, we can calculate a A2+<+1(X @ Y) index of f~1(P), uniformly in k¥ € N. Thus,

“HS) = Upen f7H(Pr) 18 22, -1 (X @), effectively from an index of S. O

Lemma 26. Let R, X,Y € NN be reals, and &, < wit be ordinals. Every X -Markov (Engl, Zg+€+1(Y))

measurable function f :C NN — NN satisfies the condition (f(x) ® X)& < (x @ X @ Y)EHO) for any
x € dom(f).

Proof. By SE(;E)’X, Pég),x’ and Dgs)’x, we denote the e-th Eg(X) set, Hg(X) set, and Ag(X) set, respec-
tively. Fix a computable function 7 : N — N such that Sf()@)x ={zeN:zeX¢e Ség)}. By X-Markov
(22+17 Z£+C+1(Y)) -measurability of f and Lemma 25, there is an X-computable function d : N — N|
T € D(£+)<+1) XEY if and only if f(z) € Sf)e) , for any e € N and = € dom(f). Then, we can easily
calculate an index dj(e), di(e) such that

1dX0YeSEST = roxeverfSTY — f@)oXesP.

Therefore, we can determine the value of (f(z)® X)) (e) by a uniformly (z@® X @Y+ -computable
way. In other words, (f(z) ® X)© <p (z® X @ Y)E+9), 0

Recall that §(&, ) is the least ordinal § such that § +& > £ + (.

Lemma 27. Let R, X,Y € NY be reals, and £,( < wi be ordinals. Assume that f :C NN — NV g5
an X -effectively (Engl,EngCH)—measumble function. Then, for every x € dom(f), there is an ordinal

v < 8(£,C) such that f(z) <r (x® X)) holds.

Proof. Fix an X-effectively (Eg+1,22+<+1)-measurable function f :C NN — NN. Then, clearly, f is
(X ® z)-Markov (£2,,,%2, ., (X))-measurable, for any z € N¥. By Lemma 26, the function f must
satisfy the following inequality:

(f@) X @2)® <r (z& X @2t (1)

for any z € NY and z € dom(f). Assume that, there is = € dom(f) such that f(x) £r (z @ X)) holds
for any v < 6 = §(&,¢). Put yx = f(z), and zx = z @ X. By the inequality (1) with z = 0, and from

I

the definition of §, we have yy . Therefore, there is an ordinal n < £ such that

yg?) <r xgng”). Fix the least such ordinal n < £&. We now have the following condition:

ﬁ 33 ) for all 6 < n, and y(”) <r a:(Hn)



Let a be the Turing degree of xx, and b be the Turing degree of yg). By Shore-Slaman Join Theorem

14 with such a,b and 6 + 71, and by choosing z € ¢, we have z >7 zx such that 20t =, xg?+") =7

yg?) @ z, since 7 is the least ordinal such that ygg) <r xg?"m). As n < &, there is an ordinal § < ¢ such
that n 4+ 0 = £. Then, we obtain the following:

2§ <p 2T =1 @O =1 P @ 2)© <r (yx @ 2) ) =1 (yx © 2)©.

Moreover, by the inequality (1), and by the property of x,

(yx ®2)© <1 (xx ® 2)EHD =1 2E+0 = 2T,
since § + 1 < £ + (. By combining the above two inequalities, we have xg§+<) < z§§+<) which is a
contradiction. Therefore, for any = € dom(f), there must exist an ordinal v < ¢ such that f(z) <rp
(z ® X)) holds. O

Theorem 28. Let R, X € NV be reals. For any ordinals £, < wi* with ¢ < & # 1, and for any partial
function F :C NN — NN the following five conditions are pairwise equivalent.

1. F is X-effectively (32, 1, 3¢, ¢, ,)-measurable.

2. F is X -effectively (HS(E,C)’ 22+<+1)-mea3urable, and, for any x € dom(F), there is vy < §(&,C) such
that F(z) <r (z © X)),

3. F is of X-effective hybrid Baire class (< 0(€,(),€).
4. F is T, (X)-piecewise effectively Egé(g,o(X)-measumble.

Proof. If £ = 0, then it is the effectivization of Lebesgue-Hausdorfl-Banach theorem. See Brattka [1]. So
we assume & > 2.

(1)=(2): By Lemma 27 and & > (. (3)«(4): By Lemma 24.

(2)—(4): Assume that F is X-effectively (IT{, , %, ., ;)-measurable, and, for any = € dom(F'), there
is v < §(¢,¢) such that F(z) <7 (z @ X)),

First we assume that § = §(&, () is a successor ordinal, i.e., § = i+ 1 for an ordinal n < §. Then,
F(z) <7 (z ® X)) for all 2 € dom(F). For each z € NV and e € N, define I” to be the singleton
{®,((z®X) M)} if &, ((x®X)™;m) is defined for all m € N. Otherwise, I? is defined to be the clopen set
generated by the maximal initial segment of ®((x @ X)™). Then we can calculate a 119, ) (¢ ® X)-index
of I? uniformly in e and «.

Next, we assume that § = §(&,¢) is a limit ordinal. Pick d € OF representing J, and write d(n) =
®4(n) which represents an ordinal n(n) < § with lim,, n(n) = d. Then, for every x € dom(F), there is
n € N such that F(z) <7 (z ® X)), For each z € NY and e,n € N, define IZ,, to be the singleton
{@c((z & X))} if &, ((z & X)) m) is defined for all m € N. Otherwise, I, is defined to be
the clopen set generated by the maximal initial segment of ®,((z @ X)(™)). Then we can calculate a
Hg(n)+1(x @ X)-index of IZ uniformly in e,n and x.

We only describe the case that § = §(&,¢) is a limit ordinal. By X-effective (Hg(5,4)722+<+1)—
measurability of F', we can also calculate a Eg+4+1(z @ X)-index of F*l(Ign) uniformly in e and z.
Thus, we can X-effectively find a sequence of IT, (2@ X) sets { P{ }ien such that F~1(17 ) = U,y P
Hence, we must have a Hg i (X) formula ¥ satisfying the following condition.

zeF'(I7,) < (FieN) o™X (i,e,m, x).
Then, consider the following set Q. ; for each e, € N.
Qeni={z € NN @, ((z @ X)("(")); m) is defined for all m € N, and % (i,e,n,z)}.

Note that Qe ; is the intersection of a Hg(n)+2 (X) set and a H2+< (X) set. As & > 2, the set Qe is
I, (X) uniformly in 4,e,n € N. For every x € NN if 2 € Qe i then F(z) = ®.((z ® X)), since,
if @,((z @ X)) is totally defined, then F(z) € IZ, ={®((z® X))@} Moreover, since we have



already seen the property that, for every z € dom(F), F(z) <7 (z @ X)) for some n € N, every x €

dom(F) is contained in Q. ; for some e,n,i € N. Thus, F(z) agrees with the X-effectively Z?](n)H(X)—

measurable function ®.((2@ X)) on each piece Q.. ;. Therefore, F is Hg +¢(X)-piecewise effectively
EO<6-rneasurable7 via {Qenitenien and {P.((z ® X)(”(”)))}E’HGN.

(5)—(1): Assume that F'is Hg +¢(X)-piecewise X-effectively ¥Y s-measurable via an X-computable se-
quence { P }cen of IT, -(X) sets and an X-computable sequence { He }cen of X-effectively £ s-measurable
functions, where 6 = §(¢,¢). Then, for each Y € NV and for each EgH(Y) set S C NN, the preimage
F~1(8) is the union of {H_'(S) N P.}. Here, as H, is X-effectively ¥9-measurable for some 7 < 4, it is
X-effectively (Z%H, Eg+£+1)—measurable. By our definition of d, we have n+ ¢ < £+ ( since n < §(&, ¢).
Hence, the preimage H_ 1(9) is 22+¢+1(X @Y), and its index is computed from any index of S and e.
Thus, F~1(S) = U (H ' (S)NP.) is X2, -, (X @Y)), and we can effectively calculate its index. Hence,
F is X-effectively (32, ,, %2, ., )-measurable. O

Corollary 29. For any n € N and for any partial function F :C NN — NN the following five conditions
are pairwise equivalent.

1. F is effectively (39 1,59 ,)-measurable.

2. F is effectively (119,39 | )-measurable, and nonuniformly computable.

3. F is of effective discrete Baire class n.

4. F is IV -piecewise computable.
Proof. For n =1, it was proved by Pauly-de Brecht [5] By Lemma 28 with X = §. O
Proof of Theorem 8. By Lemma, 28.

5.1 Open Question
Question 30. Does Theorem 8 hold for all ordinals £, € N?
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